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𝝎 ↑,𝑸 ↑ 𝜷𝒈 ↓ ,… 𝑬 ↑ All because of damage? 

Fascinating, not essential.  



C. Adolphsen 
Re-used for ECHO ~ 30 MV/m 
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Field emission  Breakdown 

Quantum tunneling in the late 1920s (FN): 𝐸𝑠, 𝜑 

How about macro parameters? 

𝜔,𝑄 𝛽𝑔 , 𝐵, 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑐𝑒𝑙𝑙𝑠, … 

Emitters are small, nm ~ um 

Wavelength, mm ~ cm 

Damage 

How HeP works… 



Micro FE  macro FE: Setup 
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𝛽𝑔 𝑎  

dimension ∝ 1/𝜔, 

W/Wo static magnetic field (along y) 

y

x

a

b

z
2re

 rBy

Surface field (𝐸𝑠) = applied field (𝐸𝑎) + FE induced field (𝛿𝐸𝑦) 

𝐽𝑒 = 𝐹𝑁 𝐸𝑠, 𝝋   

𝛿𝐸𝑦 = 𝑓 𝐸𝑎, 𝐽𝑒 , 𝜔, 𝐵𝑦, 𝛽𝑔 , 𝑟𝑒 , 𝑡   

TW, Rect. WG, low 𝝋, a flat disk-like emitter  
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Micro FE  macro FE: How 

1. a 3D beam trajectory, the Lorentz equation 

𝑚0𝛾
𝑑𝑣

𝑑𝑡
= 𝑒𝐸 + 𝑒 𝑣 × 𝐵 −

𝑒𝑣

𝑐2
𝑣 ∙ 𝐸   

2. 𝒋 𝒓, 𝒕   𝓙 𝒓,𝜔  

3. Solving Maxwell equation with the dyadic Green function 

𝛿𝓔𝑓 𝜔 = −
𝑗𝜔

𝑘2
𝑘2𝑨 + 𝛻 𝛻 ∙ 𝑨  

𝑨 =  𝑮 ∙ 𝓙 𝒓, 𝜔 𝑑𝑉′  

4. IFT: 𝛿𝑬𝑓 𝑡 =
1

2𝜋
 𝛿𝓔𝑓𝑒

𝑗𝜔𝑡𝑑𝜔
∞

−∞
 



Presentation Title 
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𝐺𝑦𝑦 = 𝐺𝑦𝑦1 + 𝐺𝑦𝑦2, 

𝐺𝑦𝑦1 =
𝜇0

4𝑎𝑏
 

𝜀𝑚𝜀𝑛

𝛾𝑚𝑛
𝑓 𝑧 − 𝑧′ , 𝛾𝑚𝑛, 𝜖 sin

𝑚𝜋𝑥

𝑎
sin

𝑚𝜋𝑥′

𝑎
cos

𝑛𝜋𝑦

𝑏
cos

𝑛𝜋𝑦′

𝑏
∞
𝑚,𝑛=0 ,

  

𝐺𝑦𝑦2 =
𝜇0

8𝜋
 𝐴𝑖

𝑦𝑦∞
𝑚,𝑛=−∞

1

𝑑𝑖,𝑚𝑛
∙ Re 𝑒−𝑗𝑘𝑑𝑖,𝑚𝑛erfc 𝑑𝑖,𝑚𝑛𝜖 − 𝑗 𝑘 2𝜖 ,  

 

𝜀𝑖 =  
1,  𝑖 = 0
2,  𝑖 ≠ 0

,   

𝛾𝑚𝑛
2 = 𝑚𝜋 𝑎 2 + 𝑛𝜋 𝑏 2 − 𝑘2  

Micro FE  macro FE: Green Function 

the modal and image expansion of the 

rectangular waveguide  
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1. A square pulse FE current,  

  𝐽 𝑡 =  
𝐽𝑒 , 𝑡 ≤

𝜋𝜏

𝜔0

0, 𝑡 >
𝜋𝜏

𝜔0

, 𝜏 = 0.2 (+/−360) 

 

2. The initial energy 7 eV (Cu Fermi energy) with 0 trans. momentum. 

3. Uniform FE over the emitter surface 

4. Beam trajectories not affected by fields generated by FE beam 

5. Rf magnetic force is ignored, 𝐹𝐻 𝐹𝐸 ∝ 𝛽𝑒𝛽𝑔 ≪ 1. 

6. Static magnetic field along y axis as a special case 

7. Emitter radius nm ~< 10 μm 

Micro FE  macro FE: simplification 
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Longitudinal Space Charge (100 MV/m) 
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𝐽𝑠 

𝐽𝑠 

~<1um 
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𝐸𝑠𝑐 𝐽0  

Rf field (𝛿𝐸𝑦) 



11. 4 GHz, 50 MV/m,1 um, 1010 A/m2, By = 0, 2 Tesla 

Micro FE  macro FE: beam trajectory 
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Frequency domain 3D current:  

𝓙 𝑟, 𝑦, 𝜔 =
𝐼𝑒

𝜋𝑅′2
2

𝜔
sin

𝜋𝜏𝜔

𝜔0
𝑒−𝑗𝜔𝑡

′
𝑦 +

𝑣𝑟

𝑣𝑦
𝑟 +

𝑣𝜑

𝑣𝑦
𝜑   

𝛿𝐸𝑦𝑓 =
𝑐𝜂𝐼𝑒
2𝜋2𝜔0

 𝑑𝑔
𝑔𝑚𝑎𝑥

𝑔𝑚𝑖𝑛

 𝑑𝑦′
𝑏

~1𝑢𝑚

 
sin 𝜋𝜏𝑔

𝑔2
 sin 𝑔𝜔0𝑇𝑛 𝑞𝑛 𝑑𝑛, 𝑦, 𝑦

′

2

𝑛=1

𝑅′

0

𝑟′

𝑅′2
𝑑𝑟′ 

𝑞𝑛 𝑑𝑛, 𝑦, 𝑦
′ =

3 𝑦+𝑠 𝑛 𝑦′
2

𝑑𝑛
5 −

1

𝑑𝑛
3 , 𝑠 𝑛 =  

−1, 𝑛 = 1
   1, 𝑛 = 2

, 𝑇𝑛=1,2 = 𝑡 − 𝑡′ −
𝑑𝑛

𝑐
, 𝑔 =

𝜔

𝜔0
 , 𝜔𝑐 =

𝜔0

1−𝛽𝑔
2
 

Micro FE  macro FE: time domain field 

Total field: 𝑔 ∈  0,∞  

Leftover field (evanescent modes): 𝑔 ∈ 0,𝜔𝑐 𝜔0  
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Example: 60 MV/m,0.5 um, 109 A/m2 , Single burst FE  
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𝛽𝑔 = 0.1, 0.5, 0.8 

Leftover: damped oscillation FE self-enhanced!! 

𝐸𝑠𝑐/𝐸𝑎 = −0.08 

Amplitude ~ 1/N Amplitude ~𝜔−1 



Micro FE  macro FE: Pic3P 
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4.3 times!! 

WR90, 11.4 GHz, 100 MV/m, -60 Deg, 10 um, 𝜑 = 0.43 eV 
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L. Xiao 
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During emission: surface field get enhanced (𝛿𝐸𝑦𝑓0 ∝ 1/𝜔0 ) 

Leftover field : dumped oscillation (~1/N, 𝜔𝑐) 

          with phase slippage, 𝛿𝜃 = 2𝑛𝜋
𝜔0

𝜔𝑐
− 1 ≈ 𝑛𝜋𝛽𝑔

2 

 Neglecting the accumulated residual field effects on FE current, at stead 

state it has 

𝛿𝐸𝑦𝑠 = 𝛿𝐸𝑦0 1 − 𝜖
cos 𝑛𝜋𝛽𝑔

2

𝑛

∞

𝑛=1

= 𝛿𝐸𝑦0 1 + 𝜀Ln sin
𝜋𝛽𝑔

2

2
 

𝜖 ≈ 0.16 

Micro FE  macro FE: Stead state 
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Micro FE  macro FE: 𝝎, 𝜷𝒈  
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Field enhancement (dB)  

at 60 MV/m, emitter size and Je 

dB 

2.5 
X, 𝛽𝑔 = 0.1  X, 𝛽𝑔 = 0.82  C, 𝛽𝑔 = 0.1  

𝛿𝐸𝑦𝑠 = 𝛿𝐸𝑦0 1 − 𝜖
cos 𝑛𝜋𝛽𝑔

2

𝑛

∞

𝑛=1

 



Stability of a system: 𝛽𝑚 = 𝑚𝑎𝑥 𝛿𝐸𝑦𝑠 𝐸𝑎   

𝑬𝒂[
𝑴𝑽

𝒎
] ∈ 𝟑𝟎 𝟑𝟎𝟎 , 𝑱𝒆  

𝑨

𝒎𝟐 ∈ 𝟏𝟎𝟖 𝟏𝟎𝟏𝟏 , 𝒓𝒆[𝝁𝒎] ∈ 𝟎. 𝟎𝟏 𝟏𝟎   

𝛽𝑚 ∝ 𝐸𝑎
𝜃−1𝐽𝑒

𝛼𝜔0
−1𝛽𝑔

𝜈 

𝐽𝑒 ∝ 𝐸𝑎
𝑛 

𝑛 ∈ 8 15 , 𝜃 = 1.24, 𝛼 = 0.2, 𝜈 = 0.47  

Micro FE  macro FE: scaling law 



Micro FE  macro FE: scaling law 

At a given 𝛽𝑚: 𝑬𝒂 ∝ 𝝎𝝌𝜷𝒈
−𝝇

 

𝝌 =
𝟏

𝜶𝒏 + 𝜽 − 𝟏
∈ 𝟎. 𝟑𝟏, 𝟎. 𝟓𝟒  

𝝇 =
𝝂

𝜶𝒏 + 𝜽 − 𝟏
∈ [𝟎. 𝟏𝟓, 𝟎. 𝟐𝟔] 

~𝝎𝟏/𝟑 -- G.A. Loew and J.W. Wang, Report No. SLAC-PUB-7684, 1997 

𝑃/𝐶 -- W. Wuensch, CLIC-Note-649, 2006 

 

𝑃 ∝ 𝐸𝑎
2/𝜔2

𝐶 ∝
𝑎

𝜆
𝜆 ∝ 𝛽𝑔

1

2/𝜔
  𝑬𝒂 ∝ 𝝎𝟏/𝟐𝜷𝒈

−𝟏/𝟒
 

2Pin-waveguide 𝑬𝒂 ∝ 𝜷𝒈
−𝟎.𝟏𝟕 



Single cell VS Multi-cell 

𝜔 = 𝜔0 1 −
𝑘0
2
cos𝜑𝑁  

source  cell  

According to the phase slippage, the 

equivalent group velocity of a multi-cell cavity: 

𝛽𝑔𝑠 = 𝑘0 
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Micro FE  macro FE: Magnetic field 

805 MHz, 60 MV/m, 2e10 A/m2 
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Magnetic field further enhances the field! 



Experiment with an L-band Gun 
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J. Shao 



Experiment results 

With the same field on the pin cathode, the dark current 

depends strongly on the stored energy / net rf power flow   

J. Shao 

Effect of Macroscopic Geometry on 

Microscopic Field Emission 
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  A microscopic phenomenon, 𝐸𝑠, 𝜑 ,  

 the trigger of vacuum breakdown 

Field emission  

 A macroscopic phenomenon, 𝑬𝒔 = 𝑬𝒂 + 𝜹𝑬 𝑬𝒂, 𝑱𝒆, 𝝎, 𝜷𝒈, 𝑩…  

  The operational field of a system is original.  

 Damage – the consequence of breakdown. 

More power – more damage. 

 the damaged surface might not limit the field. 


