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Modelling of moving current carrying
string in a magnetic field B,




Interacting Strings/Beams

Magnetic Field of Currents

7] s N ak(x_xk)i-l_bk(y_yk)j mm) N Distributed currents
Bo=Li=11k V(x—x)2+(y-yi)?
—yi+ (x +a)J

B =2l (x + a)?+y?

mm=) Two Distributed currents

|f — | 0 (|Z X éo) mm)  Force on central String/Beam



Two Interacting Strings/Beams

—_

F — |0(k X BO) mmm) Force on central String/Beam

Y. Derbenev, R. Jhonson case



Definitions

—

I§0 — Bo-

X

Ampere force acting on the string

Vector of internal stresses

Inertial forces

Position vector

Unit vector along the tangent



The equation of motion of a moving current
currying conductive string.

2 2 2
R, =0, R, = 22y+2v 20}: +V, izerU%

2
=—+2V, +V2 0z a az
ot’ " dsot s ot




The equation for the lateral vibrations of the string

% P?sj A AU A A LU
P pYE —iIOBogzp PY +775+2\/ §+V2 6%2
J@ _
where U(S,t) = y(S,t)-l- iZ(S,t)

Boundary conditions: u(o,t) =u(,t)=0
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The three wire/beam problem

NG, [2(x+a@)i+yzii+(—ax’—xx' —yy)k
—r' =4 2 2
v (x+a)y+y

. Z(x+a)i+yz’j+ (ax' — xx" — yy)k ~0
— 2 2 - Y
(x—a)’+y

u=ALlu + H(A, u), A =2k,



DIFFERENTIAL EQUATIONS GENERAL FORM

Use + Aol + AgUss + AxUgs — [GUMUM]s = Ko(t, s, 1) ud+ Ky (t, s)uP

ues.t) = y(s.ty+iz(s,ty o uls,t) = (s, 0),z(s,) '

Particular cases: -->{% =0,G = 0,K,=0, K;(t,s)= K(s)};

Courant, Snyder;
Derbeney, Shiltsev;
Danilov, Nagaitseyv;
Ermakov
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Stability of a string

1) Static instability

Solution U(S) = A+B- eXp[i]/S]
Stability condition in general
271K
—,OV 7+ 1,B, where y=A4 =—-o

s \A\ '

Stability condition for linearized problem
2

PVo n 1B,

Po Po/lk

<1
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Form of instability of a string
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k=2
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2) Dynamic instability: linear problem

2

_@ ~ 1

%

w
112
P

1

solution  u(s,t) = A-exp[y,S+lwt]+ B -exp[y,S+lat]

¥1, =[i(A+bw) + /- (A+bw)* —4ace’ ]/ 2c,

where

2
. . . 1, B, pV02 1
Dynamic stability condition —m==)p P + 5 <
k"0 0

2
Static stability condition  m—) PV, n 1, B,
I:)0 PO;Z‘ k

<1
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Trajectory of the roots of characteristic equation

I f 0< f <
0<a<0.25
Cl - Bl ‘;\1
» g g >
Q:(Bo(:) QE(BU) Q?(O) Ret2
Notations Q=0/Q,,Q, =A~l/a,B=24/4, 4 =27k/l, a=aV,

a=p/P,,b=2av,, c=1-av/2, A=1,B,/2P,.
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Investigation of the equilibrium state for a
moving current carrying string

ues,t) =2 AP, (S) , @ (s)=exp[ir,s], », =2mn/l (n=0,1..)

dzAn +[ 7 +2iVo/1njdAn —[V02p+ IOBOjAn A =0.

_I_
dr? Q, Q, )dr P AP \/1 _‘An‘zﬁz
A0+ (y +ivp)A(D) - QT A () + D~
J1-[A@)
2V, A BJl, V/p
AA(0)=A(1), Vo=—, Q=004 00
" QO 1 ﬂ’nPO I:)0
P 2
uo—i’ ng 0/1n




X = X5

Xy = X4

. 0?2 X

X3 = —UgXy T VX4 +327X) — —\ ¢
X5

. 2

\/1—(x12 +x§))

X,(7) =Re A(7), X, =ImA.(7), X3= Re Ak(r), Xy = ImA*(r)



Equilibrium Points

The equilibrium points are as follows:

Q’ -1<0, Mo(X; =0,X; =0,%X; =0,X, =0)

Q2 —1>0, M,(x, =0,X, =0,%;, =0,%x, =0)
M. (X, =0,X, = £X,,X; =0,X, =0)

M (X, =+Xy,X, =0,X; =0,X, =0)

i -1
Xo = Qf
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Non-linear vibrations of a parametrically
excited string in resonance cases.

I, =1, +1,cos(Q7)

X(r)+ & X (1) = —E{Z(ﬂ +iv)X (z)+ g cos(Qr)X (z) +aX (7)‘ X (T)‘zJ

,U—g—;, V:V—(), 2_1_|01Bo _Vozp
¢ " ﬂ’nPO PO ,
B,l 2
g=—2 ,a—/l”‘g, g <<1
P4 2
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Resonance vibrations of a string near the basic
state (Q=zaw,)

2 2
Q" =w, + &0,

X +0*X =8{01X —2(u+iv)X —gcos(Qr)X —aX3}

X (Tag) = XO(T09T19T2)+ gxl(TO,Tl,T2)+... Tn = gnT(n = 0919“)

A second order approximation to the solution
X(z,6)=X,, (r,6) = Ae"“" +Be ™ +

2p 2'A
—I—g{— g(A+B)+ oA Be3iQr+aB Ae—3iQr_|_ gA p2i0r | gB ezim}_l_o(gz)

200’ 80’ 80’ 602’ 6Q)’

23



Resonance vibrations of a string near the main
State (952@0)

Q? = 4((05 + 50‘2)

|Qr |Qr 2 3IQ7
X(z,¢)=X,, (7,&) = Ae 2 +Be 2 +g{(aA gA ]e +

207 407
OCBzA gB 3iQ7 ,
S foe)
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Stability of the solutions near Qzwo, and @ =2¢,

The stability of the trivial solution

—2IQA + glo, —2iQ(u+iv)|A+

2 2 2 42
g{(y+iv)2+ 9,9 }A+g 9°8 _

4Q° 407

2i0B + glo, +2IQ(u+iv)|B+

2 2 2 .42

. A

el (urivi+ 2 & J B+gg =0
('u ) 407% 407
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The trivial solution is stable when ReA <0
Instability starts when Rei >0

The non-trivial curve when v=0

(A, A,B,B) = (arﬂaiﬂbrﬂbi)egﬂ
The equation for the definition of a non-trivial
curve

ey = Q217 +82] (%jz{z(gz,ﬂ +5§)—(%j2} )

2 2 2 2

40°  60Q? 40°% 607



Non-linear Vibrations: Resonance Cases

1, B, _Vozp
ﬂ’n F)O I:)0

2— —
|, =1, + 1, cos(Qr) @y =1

1) Resonance vibrations of a string near the basic state (Q = 0)0)

The stability of the solution
A, (X, 0,Q,p,7) =detQ =0
2) Resonance near the main state (Q = 2000)

The stability of the solution

Ay (A, 9,Q,p1,7) =detR =0
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Pre-chaotic state

g
10 4 JOu g — BOIOZ
2
. 2002,
=
5
A,
i:»:c-
o
I 2 3 - 5 0

A, is unstable domain near the frequency Q= o,

A, 1s unstable domain near the frequency Q =2m,

Is the region for parameters when the system
falls into pre-chaotic state
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Melnikov’s Method for Observing Chaotic motion

These method can be applied to problems where dissipation is small and equations
for the manifolds of the zero dissipation problem are known

( oH

§=73, TeaPal) gk (P.a.t+T)= g(P.a.t)

.

, 0H
Lp = _E + 892(plqlt)

H = H(p, q), is a Hamiltonian for undamped, unforced problem

Melnikov’'s Function

M@)=[". Go*VH(o.qo)dt  where

g0=9 (0. q0, t + 7); Do and q, are the solutions for the unperturbed homoclinic
orbit originaiong at the saddle point of the Hamiltonian problem.
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Examples

6 +y6 + Sin8 = f,CosfCoswt + f,, q=6,p=0

1
H= Epz + (1 = Cos@) » undamped, unforced problem

Saddle point: 8 = 0,8 =0
Unperturbed homoclinic orbit: qo = 2Tan™'(Sinht); p, = 2Secht

Melnikov function: M(t)=-8 y+2mfy+ 2nf1wZSech(E) Coswt

Cosh(n'w/ 2)
w2

/Jlelnikov’s line: y=0.5

Periodic region

Condition for chaotic motion: £ ‘——fo‘

- - - —  frequen
00 05 L0 L5 20 25 30 <~

30



Chaotic Motion for a String in a Magnetic Field

2V A
Particular Case: Vo = QO ~=0 Ly =14 + 15 COS(QT)
° 2 B, = B,, + B,, cos(Qt)
Melnicov Function: M(z)=- G sin(Q,7)+ &
sh(7Q), /2)

Homoclinical structures exist in the phase space if the
Melnicov function has a simple roots, i.e.- Strange Attractor

Conditions for chaotic motion

7 Sh ‘]01 - _(|01 )
| 37tQ 1/2p JO1 |
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Melnikov’'s lines for different nondimensional densities

force , f.
20 _
Chaotic region

15
| 0=05;L1.5

10 +
| .
L \\\
L \\

St ). ~
I \\\\
S

frequency



No damping

).0010

Numerical Calculations: Case Vo=—p =0
0
X1
i : oy o t 1L UWMM A AAAAAA AR ARA
lv UUWW WPWW\JWOWUUWS},O
0000 1]‘ -0.0005 |
X3 o

/ \ X1

damping
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Numerical Calculations: Case v,=0.2

X, (7) = Re Ai(7) Xy = Re A (7)
X1 Xy

| l

No damping damping
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: . 2V,
Numerical Calculations: CaseV. = gg =0.3
0

\ i e R

= \
\ =)y

)
RN / / ’

SN ———
———— "=///

———

No damping Damping
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Computing the stability regions
of Hill’s equation

A linear second-order ordinary differential equation with a periodic coeth-

cient of the form . L
Vo=t By By By y e OO, 2T,

@it + T, 0. s o, fot) = @8, iy, oo, Bt )y

(0} = (2T,
V(0) =3 (2T).

Example
A L
p(t) "+ | =+ —=r(r)| sinf = 0.
] L L
L
) near (0,0) and (x,0) leads to the linearized equations (Hill's equations)

e

f x 1.

® 6" + E+ Iru]] B =,

Fig. 1. An inverted pendulum with an oscillating pivot point.



With the new function, our equation becomes
1 _ : b |
o) = 10| [ 261ds 4200 — [ Soisds+ y00)

where

flf) = ﬁ P(s)ds. yit) =z(t) = p(t) = j; z(s)ds + W 0).

Az := f(1) fJ:{:t]d:: - f‘f{:t]:{s]d:: L+, 1 {I x € L. ET‘JJ; xde = “}'
0 0 .
i F = {.1‘ X e C{{], ET],[ xdr —ﬂ}.
1= [ gls)ds, £27) £0, ¢ € L0,27). :

Property 2. The operator o : H — E is compact, i.e., maps any bounded set
from H ro g compact ser D C E.

Property 3. .« is self-adjoint on the ser H.
Property 4. The spectral problem
wrz=4z, zckE

s equivalent ro (18) and (19) if we denote 4 = 1/ and introduce noration

¥ = j; zlg)ds + C,



Examples: Instability regions of yﬂ(t) + (8 + er(t))y(t) = 0.

Y
(a) rlt) =EIM_E’ 0<r<m,
i

{h}r{r}zr—z, 0<r<m,
{r—n{d, 0<1<n/2
Cl Rl =

-1, mfl<t<n

=1

i

Fig. 5. Stability diagram of Hill's equation with periodic coefficient given by (47)a).

5 0 5 0 15 P

Fig. 6. Stability diagram of Hill’ equation with periodic coefficient given by (470 Fig. 7. Stability diagram of Hill's equation with periodic coefficient given by (47)(c).



Group Properties of Some Differential and
Integro-Differential Equations

Discussion of some equations. Examples:
) F(z.yy,....y"™) =0
2) Uy — [Guftug]s = F (u)ufug ,

3) Vlasov-Maxwell Equation

39



EXAMPLE: Reduction of arbitrary non-linear equation to
the linear one: Berkovich Thorem

Theorem In order for the equation y” — f(;_’{:j 1, yr)-redu ce to the linear form
(4.2) by transformation (1.2), it is necessary that it admats the commutative factorization:
1 v, + v,y 1 vy + U,

[ f_D— I yy]' —Tzll ID— r yyr
u1 + U2y v(uy + u2y’) u1 + U2y v(uy + ugy

)—ir’l]y—l—m;r:[}j

or noncommutative factorization:

Diuy + uar')  vg + vy _ vy + vy’ .
lﬂ— o Er ) - ¢ — roluy -I—ugyI}] lﬂ— z — r1lug -I—ugy’}] y+
Wl T ugy v v
. d
cluy + ugy“.lzt' =0 D=—,
: dr
where v,k = 1,2, satisfy the characteristic equation
r? + byr + by = 0.
Ay dY .
—— + b —— + Y +c=0, by, by, c = const, (4.2]
d‘YE ]. d‘Y ':l L ]. ':' L |, r

y=vlr,y)z, dt =u(z,y)de+ uglr,y)dy (1.2)



EXAMPLE

In order for the equation

. dy
v+ fW)y” +bie)y +vy) =0, ¥ ="
to be linearized by y=uv(y)z, dt=u(y)dx
dz
Z4+ 012+ boz +c=0, EIZE?

it 18 necessary and sufficient that it should be presented

y" + fy? +bigy + pexp(— f f(y)dy) {bn f pexp / f(y)dy)dy+%J =0,

41



EXAMPLE

V' + F(3,)) =0

can be linearized by the convertible (in some domain
I'(x,v)) transformation

y = vz,

df = u(y)dx )

Kummer-Liouville Transformation

it is necessary and sufficient that the equation is of

the form

V' + O+ bio()y +(y) =0

42




EXAMPLE

In order that the equation
Vit ay +aoy+fx)" =0, n#0;1
by the KLT (2) be reduced to the form
EZt+biz+ bpz+kz" =0

it is necessary and sufficient that the KLT satisfied
the conditions (3), (6) and also

f(x) = k'™,

1u" 3/1\° 1 n .
2B s = Ag(x), 6= —4by (5
2w 4(u) 701 = Ao(x); 1 =45 ©)

where Ay(x) = ap — 1/4a7 — 1/2d,, and

,ﬁ 1 1
v(x) = |u|_1“ﬂxp(—§ / ay dx+ b, / udx).(fi)
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Example: ERMAKOV’S Equation

" + ag(x)v — by = 0.

vix) = Jﬁjﬂ.‘% + BFQ}W + C_‘}-’%, d = BE — 4AC = —4b,,

where

Vi, Y2 = W f vy dx
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L_ocal one-parameter Lie group of transformations.
Invariant condition

Transformation for

(n) = ! (n—-1) (k= y.&) =x+E(xy)s,
yWEEYY Yy TTY) n= e L e

First order linear differential operator X = &(x, y);_x +71(x,y) :_x

If Ih(x,¥) = I,(x,y ), then I, should satisfy linear partial differential equation

G) G) .
X — 4 X —— CHECK: McMillan; Courant-Snyder;
6( 'y) dx n( 'y) ox Danilov, Nagaitsev invariant

For Differential Equation y(™-F=0

Xn[y(n) - F(xy,y’, "-y(n_l))] ‘ y(M_F =0

45



Example: GROUP PROPERTIES OF uxx — ujtuyy = f (1)

LIE GROUPS AND LIE ALGEBRA

generator I' is taken to be

d d )
I'= X, Vs - s s - agx, y, u) —.
$x,yh ) 72+ (x, ) 3+ 0y W) o
2
The generators i‘ I" of the once and twice extended groups are

1 i) 54
I'=l'"+cr,—-—-+ar _—
[]a“= [’lﬁu,

2 1 0 5, 9,
=T+ Tiex) 3, + Opzy) v + Gy .

2
invariant condition I’ F=0
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Table 1. Infinitesimal Lie groups for choices of f(u)

f(u) m Infinitesimal groups
Ay #* -4 E=cy, n=cay+cs, ﬁ-m+:c,u+c,e*“+c,="’
=—4 {-;eih—ge"m+c;, n=cyy+cs
g =(Ae?™ + Be ™% 4 ¢3/)u + Ce™ + De™ X
-Alu  #A—4 §=¢; N=oay+0,
¢ = m+2 cat + ¢ysin(Ax) + cgcos(Ax)
-4 ¢ =2 sin(2ix) - 3 08 2ix) + ¢z, 1= ey o
ki? #—4, p=p* §=cx+ec3 n=c3y+c,, u-(m:zc,-%c,)u

#—4, forallp
=—4, p=-23

=—4, p%-—3

§=¢3, N=c4 0=0
E _cnx: +2€1x+:1| = Ca ﬂ'-{'ﬂn:']'cl}u

—lcx+c Civ+rc a—h’“
+31 2 ’f 3.F F -P+3

¢=-=
p



Reduction to the Ordinary Differential Equation

Case B: f(u) arbitrary

m # — 2. We obtain the similar solution 4 = F(w); wherew = x + ay;a = — 22 and the
ODE reduction in this case becomes €4

F# - ﬂn-l-ZFrnFn =f{F)-

Case C: f(u)=kuP; k, peR, k,p#0

m # — 4, For the case when (m + 2)c; # 2¢;, by setting ¢; = c, we obtain the similar
solution form

_[{m+2}n+2]
u=x m F(w),
where w = yx®, a = — f:_s and F(w) satisfying
1
[(m + 2)a+2][(m+ 2)a+m+2]F_a[(m + 4)(a + l)]mp
m m m

+ a’w?F” — F'""F" = kF>?,
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Example: LIE GROUP ANALYSIS

Symmetries of radial multi-component plasma

purely radial motion the Vlasov—Maxwell system of equations for collision-less,

multi-component. plasmas without magnetic field has the following form

31’;ff:r T ua‘]"fﬂ + &E‘ﬁuf{r = 0,

Tl
| 9 00
OE+-E-S "2 [ guulfr, =0
T €0 0
¥
4 ey > 2
GE+Y [ 4 — 0
(L + 0 Jo uu f{x

where £ = FE(t,r) is the radial component of electric field vector,

fa = falt,r,u) is the radial distribution function of a-plasma component
(o, My are charge and mass

u 18 the radial component of vector velocity

49



Generator of Group

G = TE’.I + ‘E‘d:r’ + Pau + Z 'I}.Efﬁfﬂ -+ C"dE
Y
imbnitesimal criterion of mvariance

GMmE =0

where G(™) is the extended to m-th order generator of the point transformation

Solutions of the determining equations lead to the following three generators

Gy =0, Go = —t0, — 200, —udy +5 Y fady,,
¥
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Groups and Invariant Solutions

classification of essentially independent invariant solutions

No Subgroup Form of the solution
1 G fa(r,u), E(r)
9 Gy 51, (tgr_l._ -r'_l-ug), E(tg-r'_l)
3 (79 fﬂ-(tr_g._ -r'_lug), t_l-r_gE(t-r_g)
4 | £G1 — 3G+ Gy | eTL L, (T‘E:F'Et._, ueiEt): EiE'IE(-rE:E’t)
5 asGo + aaGa r_gufﬂ (t{gﬂ.g—ﬂ.g}r—{ﬂ-g—gﬂ-g}? t-r'_lu},
t—QTE(t{2a2+a.3],r—(ag+3a3j)
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CONCLUSIONS

Derived and modeled an equation of motion for
conductive string in a magnetic field,

Investigated bifurcation and parametric resonance;
Implemented new numerical method for Hill’s type
equation for finding regions of parametric resonance,
Applied Melnikov’'s method to determine regions of
parameters for chaotic motion;

For general nonlinear equations, applied Lie group
method to find invariant solutions;

Implemented examples of nonlinear dynamics;
Discussed future work related to accelerators and beam
dynamics.



Thank you for your attention!
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