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Magnetic Fusion and MHD Magnets 
(TOKAMAK)

Inside the TOKAMAK
Fusion Test Reactor
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TOKOMAK Fusion Reactor Shell Configurations

TOKOMAK Structure
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Modelling of moving current carrying 
string in a magnetic field 0B
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Two Interacting Strings/Beams
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Ampere force acting on the string
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The equation of motion of a moving current 
currying conductive string.
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The equation for the lateral vibrations of the string
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The three wire/beam problem
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DIFFERENTIAL EQUATIONS GENERAL FORM

or
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Stability of a string
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Form of instability of a string
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Trajectory of the roots of characteristic equation  
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Investigation of the equilibrium state for a 
moving current carrying string
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The equilibrium points are as follows:
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Non-linear vibrations of a parametrically
excited string in resonance cases.
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Resonance vibrations of a string near the basic 
state ( )0ω≅Ω
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Resonance vibrations of a string near the main
state ( )Ω ≅ 2 0ω
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Ω ≅ ω 0 Ω ≅ 2 0ωStability of the solutions near and

The stability of the trivial solution 
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Reλ < 0

Reλ > 0

The trivial solution is stable when
Instability starts when 

0=νThe non-trivial curve when 

The equation for the definition of a non-trivial 
curve 
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The stability of the solution

1) Resonance vibrations of a string near the basic state ( )Ω ≅ ω 0

2) Resonance near the main state ( )Ω ≅ 2 0ω
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Δ1 Ω = ω 0is unstable domain near the frequency

Δ 2 Ω = 2 0ω

. 

is unstable domain near the frequency
is the region for parameters when the system 
falls into pre-chaotic state

Pre-chaotic state
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Melnikov’s Method for Observing Chaotic motion

These method can be applied to problems where dissipation is small and equations 
for the manifolds of the zero dissipation problem are known

Melnikov’s Function

where
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Examples

Melnikov function:

Condition for chaotic motion:

Chaotic region: experiment

Periodic region
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Chaotic Motion for a String in a Magnetic Field

Particular Case: ( )τΩ+= cos02010 III

Melnicov Function:

Homoclinical structures exist in the phase space if the 
Melnicov function has a simple roots, i.e.- Strange Attractor
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Melnikov’s lines for different nondimensional densities

5.1;1;5.0=ρ

Chaotic region
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Numerical Calculations: Case ν0=0.2
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Examples: Instability regions of
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Group Properties of Some Differential and 
Integro-Differential Equations

Discussion of some equations. Examples:

1)

2)

3) Vlasov-Maxwell Equation 



EXAMPLE: Reduction of arbitrary non-linear equation to 
the linear one: Berkovich Thorem
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EXAMPLE
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Kummer-Liouville Transformation

EXAMPLE
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EXAMPLE
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Example: ERMAKOV’S Equation
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Local one-parameter Lie group of transformations. 
Invariant condition

Transformation for

First order linear differential operator

If 

CHECK: McMillan; Courant-Snyder; 
Danilov, Nagaitsev invariant
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Example:



47



48

Reduction to the Ordinary Differential Equation
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Example: LIE GROUP ANALYSIS
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Generator of Group
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Groups and Invariant Solutions
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CONCLUSIONS

• Derived and modeled an equation of motion for 
conductive string in a magnetic field;

• Investigated bifurcation and parametric resonance;
• Implemented new numerical method for Hill’s type 

equation for finding regions of parametric resonance;
• Applied Melnikov’s method to determine regions of 

parameters for chaotic motion;
• For general nonlinear equations, applied Lie group 

method to find invariant solutions;
• Implemented examples of nonlinear dynamics;
• Discussed future work related to accelerators and beam 

dynamics.



Thank you for your attention!
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