Mid-term Exam Solution
Physics 425/525
Multiple Choice (circle or otherwise indicate the correct answer)

1. (5pts) Two 1 C positive charges are place 1 km apart in vacuum. The force on the charges is
a. 9 Nt repulsive along the line between the charges
b. 9 Nt attractive along the line between the charges
c. 9000 Nt repulsive along the line between the charges
d. 9000 Nt attractive along the line between the charges

Coulombs law gives the magnitude of the force as

1 Nt m? 1C?
47-8.85x10™* C? 10°m

~=9000 Nt

Because the charges have the same sign, the force between them is repulsive, along the line between
the charges. (c.) is the correct answer.

2. (5pts) Whatis V-2 for r—r'=0?

a. 1/|/z|2
b. 2/|¢|
c. 0
d —1/|’t|3
v. (x=X)%+(y-y)y+(z-2')2
\/(x—x’)2+(y—y’)2+(z—z’)2
_ 3 _EZ(X—X')Z—FZ(y—y')Z+2(Z—Z')2
Jo=xY 4 (y=y ) +(z=2) 2 ((x=x) +(y-y ) +(z-2))"
2 2

\/(x—x’)z +(y—y’)2 +(z—z’)2 g

(b.) is the correct answer.

3. (5pts) Which is NOT a property of a conductor
a. The electric potential function varies inside the conductor
b. Excess charge resides on the surface of a conductor
c. The electric field vanishes inside the conductor
d. Unbound electrons are free to move in a conductor



Because the electric field vanishes in a conductor, the potential is constant throughout the conductor.
(a.) is NOT a property of a conductor.

4. (5pts) A conducting sphere of radius R is charged with a charge Q. The electric potential
(referenced to 0 at o) is

a. Qr/(4z5R*) r<R; QR/(4zer’) r>R
b. Q/(4me,r) r<R; Q/(4mR) r>R
c. Qr/(4ms,R°) r<R; QR®/(4msr®) r>R
d. Q/(4mR) r<R; Q/(4me,r) r>R
Outside of any spherical surface containing the charge (for example by integrating the electric field

found from Gauss’s Law), the spherical distribution of charge has potential Q/(47rgor) r-R.Onand

inside the conductor, the electric potential is constant. (d.) is the correct answer.

5. (5pts) Suppose E = [EOO'S (1—exp(—52 /20‘52))/8}§where s is the cylindrical radial

coordinate. What is p(S) ?

a. (&E,/a.) exp(—s2 / 2052)

b. (&E,/0,)exp(-s/207)

c. (&E /as)(l—exp(—s2 /2052))
d. (&Eys/o;)exp(—s*/20?)

Using the formula for the divergence in cylindrical coordinates

S %exp(—s2 120%)
O,

S

p(s)=&V-E=¢ %%(1—exp(—s2 / Zaf)) =g,

(b.) is the correct answer

Problems

6. (20 pts) For each vector field, determine whether it can be described by a scalar potential, a
vector potential, or whether it needs both for a complete description. Circle or otherwise
indicate one answer for each field.

a. V=XX+Yyy+122 (scalar potential, vector potential, both needed)

b. v=xyX+yzy+zx2 (scalar potential, vector potential, both needed)



c. V= (X)? +yy + Zi)(X2 + y2 + 22) (scalar potential, vector potential, both needed)

d. Vv=yzX—zxy+xyZ (scalar potential, vector potential, both needed)

Extra credit: (10 pts) Record a scalar potential for those fields that can be so described

V, =XX+y+2z2Z2=rf V.v,=3Vxv,=0 A potential function is r*/2
Scalar potential
Vv, = XyX+ yz§ + 2x2 Vv, =X+Y+2,VxV, =—yX—-2y—XZ

Both needed

¥ V-v,=3r’,Vxv,=0 A potential functionisr*/4

Ve = (xR + y§/+22)(x2 +y? +22)= r
Scalar potential
Vy = YZK—ZXy + XyZ Vv, =0,Vxv, =2xX—-222

Vector potential

(25 pts) A conducting sphere of radius R is charged with a charge Q. It is surrounded by an
UNCHARGED spherical conducting shell of inner radius a and outer radius b.
a. What is the electric field in each of the regions r <R, R<r<a, a<r<b,andr>b?
b. What is the value of the potential of the inner sphere assuming the electric potential
function vanishesas r —> o ?
By Gauss’s Law, in both R<r <aandr >b, the field is perfectly radial and

T TR g
& 4rg ¥

Inside conductor, thatis for r <Rand a<r<b, E, =0.

Integrating the radial electric fieldto r =b,

r Q Q
¢(r ) ¢(r OO) ;[47rgor2 ' +47Z'80b
Integratingto r =a,
h Q

Integratingto r =R,

¢5(r:R):¢(r:a)—ji Q dr = Q + Q _ Q

Are,?  Ameb  4me,R dmeal

This is the potential throughout the spherer <R.



8.

(30 pts) Solve the potential for a conducting sphere in a uniform field by the method of images.
Follow the steps indicated.

Place a point charge of magnitude —Qat Z = a and a point charge of magnitude ( at
Z =—aon the z-axis. Show that near the origin, the electric field is uniform and
1 2q

E, = >
4re, a

z

whena — .
For the two point charges

q 1 B 1
4re, \sz +y? +(z+a)2 \/xz +y? +(z—a)2

#(x.y.2)=
The electric field is

E :—%:_(_lj g 2(z+a) 2(z-a)

3/2

z 0z 2 472'80 (X2+y2+(z+a)z)3/2 (X2+y2+(2—a)2)
~ 4 2_a a—»
T 4re, @°

Place a conducting sphere of radius R centered at the origin. By Example 3.2 which was
used in a homework problem, what is the magnitude of two image charges and how
should they be placed so that the potential from all 4 charges vanishes on the sphere?

q _—qE z _—R—Z' q _qE ‘ _R—2
3 a 3 a 4 a 475

Show the dipole moment of the two image charges is
3

p= ZRZ 02 — 4ng,E,R%2,
a

whena — oo holding 20/ a* constant.

p=0,z,+0q,Z —(—qBj —R—Zi +(qBJ R—22 _2qR32
373 454 a a a a a2

Replacing 20/ @ with the expression from (a.) gives the result. Because @ >> R in the

limit, the result is exact.

In this same limit, what is the dipole potential (in spherical coordinates) forr > R for
the two image charges?

Now R?/ ais tiny, so the dipole potential gives an exact expression for the potential
outside the sphere



1 [plcosd _E,R°cosd

drg, I’ r?

¢dipo|e =

By the uniqueness theorem, this same potential must govern the problem of a sphere in
a uniform field. Find the total potential and compare to the answer for the potential of a
sphere in a uniform field in the book or lectures.

The potential for the uniform field produced by the first two chargesis —E,z. Thus

R3
¢tot = _Ezz +¢dipole = _Ez [r —FJCOSG

This result is the same as in the book example and lectures.



