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Ampere’s Law \hidg
ODU

* Analogue for magnetostatics of Gauss’s Law for
electrostatics

VxB=pu,d
ijB-ﬁdazyon Nnda
S S

J- Bdl = :uolenclosed
0S

» The line integral for a closed loop, depends only on the
total current passing though the loop

— FElectrostatics: Coulomb — Gauss’s Law
— Magnetostatics:  Biot-Savart — Ampere’s Law
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Applications —
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e Magnetic field around a wire
| Bdl=27B, =

Circle
B¢ — IUOI
27S
» Magnetic field of an infinite surface current (in x-direction)

| Bl =0+BI+0+BI =Kl

loop

5 §1,K 12 z>0
| -yu K12 2<0

The right hand rule implies the sign of B reversed
above/below the sheet
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Static Maxwell Equations U
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» FElectrostatics
V-E=plg, (Gauss's Law)
VxE =0 (Scalar potential description)
» Magnetostatics
V-B=0 (No magnetic poles, field lines closed)

VxB=puJ (Ampere's Law)

e Combined with Lorentz force

= :q(E+V><B)
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Magnetic Vector Potential —
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« Because B has no divergence, 1t can be described by a
vector potential

B=VxA
VxB=Vx(VxA)=V(V-A)-V?A= 1]
B=Vx(A+V2i)

* Vector potential is not be unique for a given B. Any
gradient can be added to 1t without changing the field. Use
this flexibility to “fix the gauge”. Most common choices

V-A=0 (Coulomb Gauge)
V- A—iza—¢ =0 (Lorentz Gauge; Invariant to relativistic Lorentz
C

transformations. Excellent for EM wave problems)
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Coulomb Gauge um»
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e Suppose 4 does NOT satisfy the Coulomb gauge condition
A'=A+VA
V-A'=V-A+V?]
1 1 .“V A 4V’
Ar M

V.-A=V-A-V-A=0

* A’ has the same magnetic field, but DOES satisfy the
Coulomb gauge. For reasonable boundary conditions on
A", the equations for 4" have unique solutions. For
Coulomb gauge

VZA=—u,J
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Cartesian Coordinate Solution

e Volume current density

j L v
g
* Line current
=2 j —dI’
g
* Surface current
/
Hy j da
A M
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Example 5.11
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* Vector potential of a spinning charged spherical shell.
Trick: align the z-axis with r, @ 1n x-z plane

v
K'=oV =coxr’
o
X y 4
=owR| siny 0 CoSy
sin@'cos¢’ sind'sing’ coso’
s | —cosy sind'sin ¢'X+(cosy sin @' cos ¢’ —siny cos ') §
=0
sinysin@'sing’z
KI
j —da j R°d cos@'dg’
| JR? +r%+2Rrcos &’
siny cos &’
=0+0-£0 - o0R’S j| d d cos@’ +0
JRZ 4+ 1% 1+ 2Rrcos @’
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! , R*+r®+Rrcosd’ 1
j cos 0 dcosH’z—( — )x/R2+r2—2chosé?’
. JR?+ 1% +2Rrcosé’ 3Rr 1
(R?+r?+Rr) (R?+r?—Rr)
- 3R2r2 ‘R—I"—i— R2y2 (R+I’)
% r<R
§TF§ r>R
—Jorsiny =aoxr
,uORGer r<R
A(r)=1 =
,uORgo'wxr r>R
L 3r
U,Ro U,Ro
B(r)= 3 Vx(@xr)= 3 [—(@-V)r+e(V-r)]
_ (—1+3)y0R0w: ZyORGm r<R
3 3
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Boundary Conditions m—
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« Use Ampere loop and Gaussian pillbox as before

| Bl = 219 e [B-Ada=[v-Bdv =0
0S

B'I - B'l = y,KI B da-B da=0

B! — B! = 4 K B =B

Babove o Bbelow = Hy K xf

« For vector potential, 4 continuous guarantees normal
magnetic field continuous

OAoe P
ove elow _ ,, K
on on 1o
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