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* When the relative permittivity of a dielectric 1s constant,
Ae

(l+ Xe

* In particular, when p; = 0 INSIDE a dielectric, p, also
vanishes and the electric potential solves Laplace’s
equation there!

Boundary Conditions for the Potentia

P =-V-P==V-gx,E=-V.-5.D/le=- )pf

1 T
I:)above o Dbelow = 0
1 I
& above Eabove ~ Ehelow Ebelow = O
O op|
Eabove A ~ Ehelow a_ = —O0x
above n below
| N | - _
Eabove T Ebelow automatic If ¢above T ¢below
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Dielectric Sphere in Uniform Field s \ALLds
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« Put uncharged dielectric sphere in uniform field (field
aligned with z-axis)

 Potential is

riAr'P,(cosé’) r<R EOZ‘ ' :
¢(I’,6’):<

—E, IR, (cos o) +i P (cos8) r>R
L I=
* Boundary conditions
ZARP (cos@)=—E,RP,( " O R, (cos)

— R
£, {—EOP1 (cos@)—(l +1)|Z_1:%P, (cose)} —gllz_l: AR"™P (cosd)=0
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Orthogonality Relations

ODU

* Apply the orthogonality of the P,
B

R=-E,R+— =1
0 Rz
AR'zREL | >1
A —EO—Z%:|=6‘A1 =1

&|—(1+1) REL } =¢AR™ 11

e Results, including uniform field inside the sphere

-3 g —1
A1:2+g Bl:z_|_g E0R3 A:O,Blzo | >1
EZ=23 E, r<R
+ &,

« Conducting sphere limit: take &, to infinity
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Capacitance —
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» Consider a parallel plate capacitor of area A filled with a
material with permittivity ¢. If a positive charge Q resides
on the upper plate, Gauss’s law gives (free charge only on

plates)
DZ :—62—9
A
EZ:E:— Q —> AV = Qd
g E.EQA E.EQA
E.E A

C=Q/V="r2==5C

r — vacuum

 Capacitance increase by a factor ¢, . This result is pretty
standard and provides a technical way to “beef up”
capacitors
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Force on a charge by a dielectric umw
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e Only a bound surface charge onz=0 g N(0,0,d)
5 b
(Tb:P-Z:EOZe(EZp_—I—EZ_) N £
* Coulomb field of charge is continuous o.0) .

across the surface and has
d
S : N 7
Argy (X2 +y° +d?)
« Potential for bound surface charge continuous across the
surface 1s

o (kr)exp(—kz)dk z>0

¢
¢b(r,z):<i
!

o (kr)exp(kz)dk  z<O0
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Gauss’s law applied to the surface charge yields

E, —E, =TA(k)kJo (kr)dk ——TA(k)kJO (kr)dk

=2E" =To b = To
&, 2¢,

Solving for oy,

1 x qd
Gb:_z 5 , , ;1312
T\ &+ X, (x +y°+d )

Note ¢,(r,z) = ¢,(r,-z), SO two separate image charges are
needed to represent the bound potential
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Total potential and force m—
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« Images make bound potential to yield

¢tot (r’ Z) :¢point(r’ Z)+¢b(r’ Z):

1 q __Xe q 20
ang, \/x2+y2+(z—d)2 2+ 7. \/x2+y2+(z+d)2
3 - .

1 g X g <0
Are, \/x2+y2+(z—d)2 2+ % \/x2+y2+(z—d)2

 Total force

2
Fo_t X @ ,

A5, 2+ 7, (2d)
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Dielectric Energy

Simple consideration of simple capacitor

W =2cv?
2
With dielectric inside
C — ngvacuum
Without dielectric
w == [E%dV
2
Suggests with dielectric
w=1 j D-EdV
2
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