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Transfer Matrix

ODU

= For solenoid of length L, transfer matrix 1s

M_ =M_,M M ..M, .M.,

end from rot dec to rot

* Decoupled matrix in rotating coordinate system (Eq. 17.34)

cos(a L/v,) (v, /o )sin(a L/v,) 0 0
M - —(a 1v,)sin(e L1v,) cos(a. L/v,) 0 0
o 0 0 cos(a L/v,) (v, /e )sin(w L/V,)
0 0 —(a,1v,)sin(a L1v,) cos(aw. L/v,)

= Matrix from Rotating Coordinates (Eq. 17.36, corrected)

cos(e L/v,) 0 sin(a,L/v,) 0
Y | (e 1v,)sin(o LIv,) cos(aoLlv,) (@ lv,)cos(wL/v,) sin(elL/v,)
from ot —sin(a_ L/v,) 0 cos(a L/v,) 0
—(w_Iv,)cos(w L/v,) —sin(ewL/v,) —(w_lv,)sin(eL/v,) cos(aL/v,)

Thomas Jefferson National Accelerator Facili \
.geffegon Lab Y @ E‘JSA
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To/from rotating coordinates
ODU

v(z):x(z)cos(a)Lz/v) y(z)sin(ew.z/v,)
( )sin(ew z/v,)+y(z)cos(w.z/v,)

@ ]COS(&)LZ/VZ)—[ﬂﬁ-ﬂX)Sin(G)LZ/VZ)

S
v, dz v,

]sm(a)Lz /vz)+[%+ﬂx}cos(qz Iv,)

z v,

v(z) x(2) cos(w z/v,) 0 —sin(w, z/v,) 0 x(2)
V'(2) M X'(2) _ —(o_1v,)sin(w. z/v,) cos(w.z/v,) —(e Iv,)cos(w z/v,) —sin(wz/v,)| x'(2)
w(z) N y(z) sin(w 21V, ) 0 cos(w z/v,) 0 y(2)
w'(z) y'(z)) | (o /v,)cos(wzlv,) sin(awzlv,) —(o Iv,)sin(ezlv,) cos(oz/v,) \y'(z2)
X'(z) (w.z1v,)y cos(w zlv,) sin(wzlv,) ) V'(z)
y'(z)) (—(@zlv,)x) \=sin(ewz/v,) cos(ew.zlv,))| W(z)
x(2) v(z) cos(ew z/v,) 0 sin(ew z/v,) 0 v(z)
x'(2) Y V'(2) _ —(w_1v,)sin(w.z/v,) cos(wzlv,) (o Iv,)cos(wzlv,) sin(ozlv,)| V()
y(z) romretl w(z) —sin(ew z/v,) 0 cos(w z/v,) 0 w(z)
y'(2) wW(z)) \—(eo lv,)cos(w zlv,) —sin(wzlv,) —(w lv,)sin(wz/v,) cos(w.z/v,))|W(z)
. Thomas Jefferson National Accelerator Facility ) & JSA
‘!effegon Lab Graduate Accelerator Physics Fall 2015 @ g‘
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* Fringe effect by conservation cannonical momentum

(1 0 0 0) (1 0 0 0)
0 1 v,/lw, O . 0 1 —v,/e, O
Mend = Mend =
0 0 1 0 0 0 1 0
\—VZ /Q)L O O 1) \VZ /G)L O O 1/

= Match to Boundary Conditions at z =0

(1 0 0 0)
0 1 —w /v, O .
Mtorot(Z:O): 0 0 1 0 :Menld

\a)L/Vz 0 0) 1)

; Thomas Jefferson National Accelerator Facili 5
.!effegon Lab ¥ @ @JSA
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Total Solenoid Transfer ey

E—
ODU

[ cos’ D (1/S)sin2®  (1/2)sin2®d  (2/S)sin’ @)

—(S/4)sin2® cos® @ —(S/2)sin*® (1/2)sin2®

| —(1/2)sin2®  —(2/8)sin® @ cos’ @ (1/S)sin 2@
K(S/Z)sinZCD —(1/2)sin2® —(S/4)sin2® cos’ @

J

Wiedemann 17.39 O=wL/v, S=2w,_1v,
(1 0 0 0
M., = Uty 1 0 0 Thin Lens

» 0 0 1 0

0 0 -1/f, 1,

Thomas Jefferson National Accelerator Facili :
J)effegon Lab ¥ @ EJSA
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Easy Calculation that Works ‘_""
ODU

* Wiedemann points out the following simple calculation is OK

cos® 2sin®d /S 0 0
cos® 0 sind 0 S
M 0 cos @ 0 sin ® —Esmcb cos 0 0
oL _sind 0 cosd O 0 0 cosd  2sin®/S
0 —sin® 0 cos® 0 0 —%sinCD cos d
= Works because
|vlto rotMend - I
cosd 0 —sSin®d 0
5 0 cos® 0 —sin®
Ivlendlvlfrom rot — -
—sin®d 0 cos® 0
0 —sin® 0 cos®

= Explanation hard to follow

Thomas Jefferson National Accelerator Facili :
J)effegon Lab ¥ @ EJSA
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Coupled Pendula

H

W
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pX py ma)gzx2 N mcogzy2 N ma_ (X — y)2
2m 2m 2 2 2

Equations of motion

d? (X (@ +&; - X
F T 2 2 2 =0
t"ly — ), o, +o; )\ 'Y
ik
y Yo

w, + 0! — o —.
Det , , o, -1=0
— W, + 0. —®

Thomas Jefferson National Accelerator Facility @ gJSA

Graduate Accelerator Physics Fall 2015



Solutions

ODU

Eigenvalues
2 2
( @, ) -, =0
= a) + 6032 x a)f
Eigenvectors
W=

- 9

1
(1 symmetric mode

ﬁ\'* )

2 2 1 . .
0, = |0} +20] ( J antisymmetric mode

; Thomas Jefferson National Accelerator Facili
.!effegon Lab v

Graduate Accelerator Physics Fall 2015 @ i‘:‘



Time Dependence

ODU

For an oscillation starting in x-direction

i) oot 3ol 2

@, +\/a)§ + 20, W, —\/a)g + 2.
= +

W, =
2 2
2 2 2 2
0, +.| o, +20; 0, |0, +20;
\//a)§+2a)§: < \/ < - \/ >
2 2
i 2 2 i i 2 2 i
W, +.|0; +20; W, — |0, + 20,
. X(t) =%, cos| — \/ ’ t |cos| — \/ ’ t
2 2
[ 2 2 i ) 2 2 i
W, + 4|0, + 20 W, — |0, + 20
2y () = =%, sin| — \/29 “t |sin| — \/29 "t

.!effegon Lab

Thomas Jefferson National Accelerator Facility
Graduate Accelerator Physics Fall 2015

@

gJSA



Qualitatively

ODU

e Oscillation energy migrates x—>y—->x

* Period for a complete cycle 1s

A
2 2
@, —\/a)g +20;

Becomes longer the weaker the coupling (- compensation)

 If un-coupled oscillation periods different

2
2 2 2 2 2 4
W, + @, + 20 J_r\/(a)l —0)2) — 4o,
2
Eigenvectors no longer pure symmetric and antisymmetric
but “migration” is fairly generic behavior

Thomas Jefferson National Accelerator Facili :
J)effegon Lab ¥ @ EJSA

Graduate Accelerator Physics Fall 2015
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Energy and Mode Invariants
ODU

* In normal mode coordinates
1 1 ,. . 1 1 . .
—(x-— =—(X- —(x+ = —(X+
q+ﬁ( y) P. ﬁ( y) q_ﬁ( y) P ﬁ( y)
e (uncoupled) Hamiltonian i1s
2 2 2 2 2 2
H = P, + M. 9. + D + Mo 9
2m 2 2m 2

and 1s a constant of the motion.

e So are the individual mode excitation amplitudes

2 22 2 22
;. = 2 [ p: PLLLCACH . — 2 [ p° PLLLCACH
@, \ 2m 2 @_\ 2m 2

Thomas Jefferson National Accelerator Facili :
J)effegon Lab ¥ @ EJSA
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Solutions Again

 In normal mode coordinates

0, =y&,8. cos(wt+6,) q =& f cos(wt+d )

* betas and deltas from

1
B.=—— & =tan'—P«
- Mo, i M, G,

* back in coupled variables excitation looks like
X (z)=4/€,0, cos(a,t) y,(2)=4/e, B, cos(w,t+7)
X,(2)=4/€.0, sin(m,t) Y,(2)=4/¢&. B, sin(ot+7)
X;(2)=1Je_B cos(w.t) Y,(z)=4&.B cos(m.t)
X, (2) ﬁsm w 1) Y, (2)=1/e_B cos(m.t)

Thomas Jefferson National Accelerator Facili :
J)effegon Lab ¥ @ EJSA

Graduate Accelerator Physics Fall 2015
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Wiedemann Discussion

ODU

e 1-D know two pseudoharmonic trajectories

u, =\/Tz)cosw(z)
u, :msinw(z)

e z-derivative

U = ﬂ(z)(—acosz//(z)—sinw(z))
| = L —asiny (z)+cosy (2
= o sy (2)+eosy (2)

Thomas Jefferson National Accelerator Facility @ €JSA
J)effegon Lab Graduate Accelerator Physics Fall 2015 & ke
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» Express ellipse functions in terms of solutions
2 1.2
U +u, = S(z)
uu, +uU, = —a
2
a”+1
U + Uy’ = 5 7

e Change in phase (phase advance) 1s

cos(Ay)=cos(y —y,)=
ululo +u2u20

2 2 2 2
\/ul +Uj; \/ulo + Uy,

; Thomas Jefferson National Accelerator Facili 5
.!effegon Lab ¥ @ @JSA
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Transfer Matrix ——
ODU

 General solution

* Initial conditions

/

4 ! 4 / / / /
Xo Uy Uy b b Uy oUse — Uyl —Uy, Uy, X
e Transfer matrix

!/ 4 !
M — [ul u, ]( Us, _uzoj . (uluzo —UU;, Uyl — u1u20]
/ ! 4 r, .,/ ! !/ !/ 4
u u, _ulo ulO u1u20 o u2u10 u2u10 o u1uzo

Thomas Jefferson National Accelerator Facili :
J)effegon Lab ¥ @ EJSA

Graduate Accelerator Physics Fall 2015
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Ellipse Transformation m—
ODU

’
u20’ u20

(Uyg,Up ) COS P+ (Uyg, Uy )SiN g

@ ””’%XW Q\ u (2),;(2)

2,0

; Thomas Jefferson National Accelerator Facili 5
.!effegon Lab ¥ @ @JSA
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In2x2 D \ALids
ODU

* As in toy problem, invariant is hyperellipsoid in 4 D.
Parameterize individual state points as

)=, [ v (z)cos 9 v, (z)sin g, |cos x

\/a[vg z)cos 3, —v,(z)sing, |sin ¥

e Compared to uncoupled case have twice the number of
matrix elements. Need twice the number of solutions.
Wiedemann chooses

% (2) =B, (2) cosg, (2) (2) .
(2)=\B, ()sing,(2)  v.(2)=/B, (2)sing, (2
x3(z)=\/:()cos¢ (2) y3(z)=mcos¢y” (z)
(2)=\B, (2)sing, (z)  y.(2)=\B,, (2)sing, (2)

Thomas Jefferson National Accelerator Facili :
J)effegon Lab ¥ @ EJSA

Graduate Accelerator Physics Fall 2015



As Before

ODU

B, =X +% By =Y+,

B, =X + Xﬁ B, =Yi+Y;

oS, = CoS @, = !
\/x + X5 \/yl +y;

COS g, Cos @, = s
\/x + X} \/yB +y;

; Thomas Jefferson National Accelerator Facili 5
.!effegon Lab ¥ @ @JSA
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Convert Fundamental Solutions

« Convert usual phase space variables
:,/ B, cos¢| X (2)= 7, COSy,

ﬂx, ¢>:, xI v, = ¢X| _tan—l ﬁx, ¢>:|

P, " a,,
e Points of hyper—ellipsoid

V% =

X ) )
: 9 9
o(2)- X :\/E 7, (2 )cos(w + ,) cos;wﬁ 7/x,,(z)cos(wx,, + ||) sin
y, 'By| (Z) COS(¢yl +38 ) ,ByII (Z) COS(¢y” +3, )
y Yy, (z)cos(zyyl +9,) 7y, (Z)COS(Wy,, +‘9||)
Jeffegon Lab Thomas Jefferson National Accelerator Facility @ @JSA



Beam size

ODU

e Set all der1vatives zero

¢x,y,,,. (Z) - _9|v||
d (X, Y) ) g“'B(W)
dZ =0 —sIn X = E(X’y) E(x,y) :\/gl’B(X,YL +g“ﬁ(x’y)n
l//x,y”, (Z) - _lgl’”
d(x,y' - “nhix
( Y ):O—)S|n2Z:J Arx,y) \/5‘ 7/(XY) +8”]/(Xy)”
* Projected Ellipse )
= £1%xy), TE X xy),

(xy) \/gl IB(x,y)l + 8“,8()(,},)“
Af (%, Y) =2E} Epyy (X V)X Y)+EL, (X0Y) =50,

(xy) xy\/'Any E’z

Thomas Jefferson National Accelerator Facili \
.geffegon Lab Y @ @JSA
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Beam Tilt

ODU

* Project x-y plane

E(X,y) - \/g"B(X,y). T g"ﬂ(x,v)..

E — 5" Vﬁxlﬁy. COSA¢I +g|l\/ﬂx”ﬁy“ COSA¢||

Xy
EX
Aﬂﬂz@w_@m
t . 2ExEy _ € \/ﬂx, ﬂy, COSA¢| + E ﬂxn ﬁy” COS A¢“
an2y =———=2 \
Ex — Ey gxl Aﬂl + EX” Aﬂ”
Jeffergon Lab B e e s @ A



Beam sizes

a, :\/glﬂlx +52182x
ay :\/81ﬂ1y +82ﬂ2y

**Ellipse equation

X 2&xy+y2_
a’ aa, a’

X

~2
l-«

y

¢+ Ellipse rotation parameter

xy) § X

. \/ﬂlxﬁly 6‘1 COS Vl +\/ﬁ2xﬂ2y82 Cos VZ

a

) e a

S— .geffe:?son Lab s Thomas Jefferson National Accelerator Facility
Lecture 7 — Coupled Betatron Motion | USPAS, Fort Collins, CO, June 10-21, 2013 22

Operated by JSA for the U.S. Department of Energy
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Decoupling

ODU

e Counter Wound Solenoids

e Compensating Solenoids or Skew Quads
— Jefferson Lab
— MEIC Application
— Rings

 Flat Beams

; Thomas Jefferson National Accelerator Facili 5
.!effegon Lab ¥ @ @JSA

Graduate Accelerator Physics Fall 2015



Counter-Wound Solenoids

cos’ @
—(S/4)sin20®
(1/2)sin 2@

cos’ @
—(S/4)sin20®
—(1/2)sin 2@
(S/2)sin* @

(1/S)sin 20
cos’ @
(2/8)sin* @
—(S/2)sin*® (1/2)sin2® —(S/4)sin2d

—(2/S)sin* @

W
ODU

—(1/2)sin2® —(2/S)sin’ @
(S/2)sin*® —(1/2)sin2d
cos’ @ (1/S)sin2®
cos’ @
(1/2)sin2®  (2/S)sin*®
—(S/2)sin*® (1/2)sin2®
cos’ @ (1/S)sin2®
—(1/2)sin2® —(S/4)sin2d cos’ @

(1/S)sin 20
cos’ @

cos2d
—(S/2)sin20®
0
0

J)effegon Lab

(2/S)sin2®
cos 20
0
0

0
0
cos2d
—(S/2)sin2®

Thomas Jefferson National Accelerator Facility

Graduate Accelerator Physics Fall 2015

0
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(2/S)sin2®

Cos2d
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Axisymmetric Rotational Distribution @@,

**Fermilab electron cooling

The electron beam distribution
Solenoid IS axially symmetric, and
uncoupled at the cathode:

Electrostatic
accelerator

/ Vo @ 0 0
(. | g _1l% A 00
/\ HB_gT 0 0 y, «

distribution distribution where & =r /mkT /P, Is the
thermal emittance of the beam

T SR
Gaussian Rotational W»

S— .geffx;?son Lab s Thomas Jefferson National Accelerator Facility

Operated by JSA for the U.S. Department of Energy Lecture 9 — Coupled Betatron Motion I USPAS, Fort Collins, CO, June 10-21, 2013 25



Axisymmetric Rotational Distribution @@

¢ At the exit of the solenoid the electron beam distribution is still
axially symmetric

_7/0+q)2ﬂ0 aq, 0 —CDIBO_
5 -0 5,0->| % H P 0
&1 0 OB, v, +DP°p, a,
L _(D:Bo 0 a, ﬂo |
where
1 0 0 0
0 1 & 0
P =
0 0 1 0
-0 0 0 1
~ ®=eB/2Pc Iis the rotational focusing strength of the
solenoid

» B is the solenoid magnetic field.

S— .geffe:?son Lab s Thomas Jefferson National Accelerator Facility I

Operated by JSA for the U.S. Department of Energy Lecture 9 — Coupled Betatron Motion I USPAS, Fort Collins, CO, June 10-21, 2013 26



Axisymmetric Rotational Distribution

¢ The eigen-vectors of the rotational distribution:

B NG
_i+2a _.i+2a
| 2p |
1 i\/ﬁ ; 2 \/ﬁ
_ii+2a _i+2a
2B 2B

a It correspondstou=1/2, v,=v,=7/2

¢ Then, the matrix Vis

B0 0 B
o« 1 1 o
o | VB 2p 208 P

0 -Jg Jp 0
1 o o« 1

28 B B 2B

S— .geff;?son Lab s Thomas Jefferson National Accelerator Facility I
Lecture 9 — Coupled Betatron Motion I USPAS, Fort Collins, CO, June 10-21, 2013 27

Operated by JSA for the U.S. Department of Energy



Axisymmetric Rotational Distribution @@

¢ Comparing left and right hand sides of the equation
/e, 0 0 0 ]

0 1/lg, 0 O

0 0 1/e, O

0 0 0 1ls,

[

=UV \VANUM

» One obtains

_ Bo ¢ 4D-emmitance conservation:
B =
2.1+ @2 B,
a= %o , &, = €T2
2,1+ 2 B,°
& o 551 e Rotational emittance estimate
& = \/1 2B, — D ——>20f,6;
+ 0o 0
g, = ETZ vt 1 g =r0=r(rd)=r’d = (g S, )
J1+ @287 + DB, 204,
S— .geffe:?son Lab s

Thomas Jefferson National Accelerator Facility

Operated by JSA for the U.S. Department of Energy Lecture 9 — Coupled Betatron Motion I

USPAS, Fort Collins, CO, June 10-21, 2013 28



Spin Rotators for Figure-8 Collider Ring

Figure-8 Collider Ring - Footprint

10000

1TUUUU

8000 -
6000 -
4000

00

X [cm]
-20p00

-10000 -5000

-6000 -

-8000 ~

10000

10000 1500 20000

-1UUUU

z[cm]

total ring circumference ~1000 m

60 deg. crossing

—— .geffe/?son Lab s

Operated by JSA for the U.S. Department of Energy

Thomas Jefferson National Accelerator Facility

Lecture 9 — Coupled Betatron Motion Il

USPAS, Fort Collins, CO, June 10-21, 2013 29




Spin Rotator — Ingredients... @

[m]

YO v

DY

A
BL=119Teslam 8.89 BL=28.7Teslam 440

N -
—

Spin rotator ~46 m

Arc end

S— ..geffe’i_’gon Lab s Thomas Jefferson National Accelerator Facility
Lecture 9 — Coupled Betatron Motion I USPAS, Fort Collins, CO, June 10-21, 2013 30



Locally Decoupled Solenoid Pair

15

BETA X&Y[m]

L
0 BETA_1X BETA_2Y

— __

——
solenoid 4.16 m

o .geffz_m)on Lab s

Operated by JSA for the U.S. Department of Energy

| 1
BETA_1Y BETA_2X 17.9032
| | | | |

— A
N~ __ ——
solenoid 4.16 m

decoupling quad insert

M = Hsham Sayed, PhD Thesis
0 -C ODU, 2011

Thomas Jefferson National Accelerator Facility
Lecture 9 — Coupled Betatron Motion I USPAS, Fort Collins, CO, June 10-21, 2013 31



Locally Decoupled Solenoid Pair

[m]

BETA_X&Y[m]
DISP_X&Y]

1 1 1 1
0 BETA_X BETALY DISP_X DISP_Y 17.9032
| | | | |

— A — A
—— N~ ___ ——
solenoid 4.16 m

solenoid 4.16 m

decoupling quad insert

C 0 Hsham Sayed, PhD Thesss
0 -C ODU, 2011

M =

S— .geff/e;s)on Lab s Thomas Jefferson National Accelerator Facility

Operated by JSA for the U.S. Department of Energy Lecture 9 — Coupled Betatron Motion i USPAS, Fort Collins, CO, June 10-21, 2013 32



Universal Spin Rotator - Optics

5 GeV

L “‘ I MU

288 BETAX  BETAY ‘DISP_X D‘ISP_Y 374
Imimimimimimimimimi... |1 1 ® 1] owimimimilmlees. 1 H B Bl ik ilomiomi 0 08 0 B 0B B B 0 0 1
[ ] ]
BL=119Teslam 8.8° BL =28.7 Teslam 440

N -
—

Spin rotator ~46 m

S— .geft/;rgon Lab s Thomas Jefferson National Accelerator Facility I

Operated by JSA for the U.S. Department of Energy Lecture 9 — Coupled Betatron Motion I USPAS, Fort Collins, CO, June 10-21, 2013 33



lonization Cooling in an Axially Symmetric Channel

“*A single-particle phase-space trajectory along the
beam orbit can be expressed as:

X(S) _ Re(\/;lvl(S)e_i(l/jl—hul(S)) +\/;202 (S)e—i(wZﬂzz(s))) |

+ One can rewrite the above equations in the following compact form

%(s) = V(s)a(s)

where ) )
Je cos(y, + 14,(9))

: o 1 )= | Va S+ 4(S)

() = |9 69 (6.0 0% )| A= o )

Ve sin(y, + 44,(8))

S— .geffe/?son Lab s Thomas Jefferson National Accelerator Facility

Operated by JSA for the U.S. Department of Energy Lecture 9 — Coupled Betatron Motion I USPAS, Fort Collins, CO, June 10-21, 2013 34




Vertex-to-plane Transformer Insert

_ Skew-quadrupole
SO|enO|d System

.

c B —

APX
Uncoupled _ X Flat
axial-symmetric ~ Rotational (1 > distribution
distribution distribution K/“

S— .!Eff;‘gm'\ Lab s Thomas Jefferson National Accelerator Facility

Operated by JSA for the U.S. Department of Energy Lecture 9 — Coupled Betatron Motion I USPAS, Fort Collins, CO, June 10-21, 2013 35



Vertex-to-plane Transformer Insert

¢ Eigen-vectors of the decoupled motion in the coordinate system
rotated by 45°

- JB, B
}/Ea l+a _1+2a
| Em 1) JB | A% | 20B | [F
gﬁl 72 A JB _M
; _i_|_a1 _i+20(

- VA 2B

» Rotational eigen-vectors
F, IF,
iF, F,

S— .geff;?son Lab s Thomas Jefferson National Accelerator Facility I

Operated by JSA for the U.S. Department of Energy Lecture 9 — Coupled Betatron Motion I USPAS, Fort Collins, CO, June 10-21, 2013 36



Vertex-to-plane Transformer Insert @@

¢ Focusing system with 45° difference between the horizontal and
vertical betatron phase advances will transform the initial vertex
distribution into the flat one

¢ The resulting 2D emittances are as follows

&r &
& = , E, =
C 1+ @287 - DB, T 1+ DB+ DB,

¢ Lattice implementation — Twiss functions, beam sizes etc.

S— .geffel?son Lab s Thomas Jefferson National Accelerator Facility I

Operated by JSA for the U.S. Department of Energy Lecture 9 — Coupled Betatron Motion I USPAS, Fort Collins, CO, June 10-21, 2013 37



Vertex-to-plane Transformer Insert

BETA_X&Y[m]
BETA X&Y[m

0 BETA 1X  BETA 2Y  BETA 1Y  BETA 2X 2.62647 0 BETA 1X  BETA 2Y  BETA 1Y  BETA 2X 2.62647

-

05
05

_ PHASE/(2*PI)

Betatron size X&Y[cm]
AlphaXY[-1, +1]

0 Ax Ay Alphaxy 262647 0 Q1 Q2 Tewl  Tetaz 262647
Ek|n = 10 Mev, TC = 0.2 eV, RC = 0.5 Cm, Bso| = 1 kG,
= g =7.1410%cm, €= 3.24-10% cm

S— .geffer?»on Lab s— Thomas Jefferson National Accelerator Facility

Operated by JSA for the U.S. Department of Energy Lecture 9 — Coupled Betatron Motion I USPAS, Fort Collins, CO, June 10-21, 2013 38
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3¢ Fermilab mcadd
U.S. DEPARTMENT OF Offlce Of

1 e ENERGY _ Northern lllinois Center for Accelerator
Qs Science and Detector Development

Generation and Dynamics of
Magnetized Beams for High-Energy

Electron Cooling”
Philippe Piot,

Department of Physics and Northern lllinois Center for Accelerator & Detector
Development, Northern lllinois University, DeKalb IL 60115

Accelerator Physics Center, Fermi National Accelerator Laboratory, Batavia IL 60510
Yin-e Sun,
Advanced Photon Source, Argonne National Laboratory, Argonne IL 60439

International Workshop on Accelerator Science & Technologies
for future electron-ion colliders (EIC’14), Jefferson Lab, March 17-21, 2014

*sponsored by the DOE awards DE-FG02-08ER41532 to Northern lllinois University and
DE-ACO02-07CH11359 to the Fermi Research Alliance LLC.



QOutline

e |ntroduction

« Features and parameterization of magnetized
peams

« Formation of magnetized bunches:
— methods and limitations,

— experiments in rf gun.

Transport and Manipulation:

— transverse matching,

— longitudinal manipulations,
— decoupling into flat beams.

Outlook

P. Piot, EIC’14, JLab, Mar. 17-21, 2014

40



Required Electron-Beam Parameters

« Cooling interaction = leb

. "L= B, (magnetized)
time OO0 OCO00ion
VAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVIRG
T & p/v,| (notmagnetized) _ ion_
——
(not magnetized)
T (magnetized)
v e
 electron-cooling
* magnetized cooling accelerator provides
less dependent on beam eventually
e- beam transverse matched to cooling-
emittance (to what solenoid section
extent?)
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e.g. see S. Nagaitsev, et al, PRL96, 044801 (2006)

Cooler configurations

fields —> matching

A0 meters

* low-energy coolers: « high-energy coolers: g
— lattice (bends) embed- — medium energies §
ded in magnetic fields, required (50-100 o

— based on DC electron MeV), 2
sources, — acceleration in SCRF %E)

— no further acceleration linac — bunching s

or bunching, needed. — lumped solenoidal ;

Buncher tragnet

P. Piot, EIC’14, JLab, Mar. 17-21, 2014

and cavity o 20 MeVelection linac  Dmp and camty
early concept for RHIC e-cooling

= 1 T solenoid

L g

Debuncher magnet

e.g. see |.
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High-energy coolers

—_ -~ —

magnetized- MELTIE
beam injector — mode/converter :}ﬁ e
\\\\P‘Tf:hI_n_?_/,,/// debuncher
* Injector: produces bunched beam for matching
RF acceleration
* debuncher: matched electron bunch ‘;‘;‘(’:'t'lr(‘)%

length to ion-beam’s,

* matching + mode/converter sections: dump or
repartition “physical” emittances, Shergy recovery
match in cooling-solenoid section.
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Beam dynamics regimes (round beams)

- Radial envelope (o) equation in a drift (Lawson):

A b angular momentum
- N = . .
space charge \ﬁ%\}“\ X contribution

emittance “pressure”
Ea .
K : generalized perveance
€4, . uncorrelated geometric emittance

L : magnetization

adapted from Y.-E Sun, Dissertation U. Chicago (2005)
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Features & Parameterization

* possible parameterization of coupled motion
between 2 degrees of freedom has been

extensively discussed; see:

— D.A. Edwards and L.C. Teng, IEEE Trans. Nucl. Sci. 20, 3, pp.
885-889 (1973).

— |. Borchardt, E. Karantzoulis, H. Mais, G. Ripken, DESY 87-161
(1987).
— V. Lebedev, S. A. Bogacz, ArXiV:1207.5526 (2007).

— A. Burov, S. Nagaitsev, A. Shemyakin, Ya. Derbenev, PRSTAB
3, 094002 (2000).

— A. Burov, S. Nagaitsev, Ya. Derbenev, PRE 66, 016503 (2002).

« Simpler description that provides the necessary
Insights..

P. Piot, EIC’14, JLab, Mar. 17-21, 2014

45



A simple description of coupled motion

 Consider the 4x4 beam matrix

- [75 55

55 = (x,2')
= (y,9)

where

Beam matrix takes the form:

_([10] [0 C! (XX) 0
== (o r)+ e % ) om
- The correlation subjects to #- | {/| transforms

asS C() —
C=(U+VCy)(H+ GCy)™

C provides information on the coupling only.

P. Piot, EIC’14, JLab, Mar. 17-21, 2014

Introduce the “correlation” matrix: ¢ = (YX)(XX)
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Beam matrix for a round magnetized beam

« At a waist, the matrix of a magnetized (round)

beam IS

Yo =

* The eigen-emittances of this beam matrix are:
cr=c+ L.

beamline [

L] =Ty

ET[} Ej ] where Ty =

L= (ry) =~ (2'y) = o—

decoupling
when

M, M_
M_ M,

P. Piot, EIC’14, JLab, Mar. 17-21, 2014

and the magnetization is

where €2 = L% +£,° = |2
* the eigen-emittances can be mapped into
“physical” emittances using a skewed

[ ]

[ ]

L
2p

K.-J. Kim, PRSTAB 6, 104002 (2003)

D. A. Edwards, unpublished (2001)

M_ -+ M_|_CQ = 0.

a7



Formation of magnetized bunches

« Cathode immersed
In an axial B field

« Sheet beams at birth (with
subsequent flat-to-round
beam converter)

— shaped cathode,
— line-laser focus
— Nonlinear optics

mode

A
\
L\

converter

Y. Derbenev, University of Michigan
report UM-HE-98-04 (1998)

G. Florentini, et al., )
Proc. PAC95, p. 973 (1996)
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Cathode in a magnetic field

 electrons born in an axial B field B, — CAM

er

2

2

BZ,O -+ O(T4)

* upon exit of solenoid field (4yp = 0): CAM

becomes purely kinetic.

Py(r,z=0) =eAgy(r,z =0)

[po(r, 2 > 2501) = Py(r,z = O)

E (r=0,z) w
* rf gun ||
~ -
“\\ B,(r=0,z)
A e—’bunch--.._
ﬁ%\ < sol
%Ienoidal lenses
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Emittance vs magnetization

. “effective emittance” 2 = £? + €u2

* magnetization

E—@O’Z

2mc
e The emittance has a

lower-bound value : £
25E> V2
|

3mc? —
— L:B.g=005T.
. . L B.=01T. |
where § F is the excess in kinetic  fme_mt
energy during emission 108 . . — '
gy g 10 0 2 4 ] 8 10

* Practically, €+ Includes other
contributions.
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Example of 3.2-nC magnetized bunch

 high-charge bunch
subject to emittance
degradation

* proper optimization
(emittance compensation)
— 4-D emittance com-
parable to round beams.

W
?
L 10° ! K=
s i N
= 6—'- — @
& Y
E . . . - O
310 eigenemittances evolution | & O
@ in ASTA photoinjector {9 :E
= LLI
@ L <
E - O
5 £ 12.2
| — |83
: AN ; AV
107" ' X
0 2 4 6 8 O
distance from cathode (m) o5 N
— C
—0Q @
parameter  flat-beam round-beam umts < 0O
configuration configuration o —
Q 32 32 iC © &
E 47.18 4877  MeV T &
€2 105.04 543 pm G ©
Ey 0.31 544 pm Q- X
£4D 553 544 pm O
p ~ 334 ~ 1 —

, Mar. 17-21, 2014

(o))
RN



Measuring (kinetic) angular momentum

 Kinetic angular momentum can be measured
using a slit technique (similar to emittance)

Y.-E Sun et al, PRSTAB 7, 123501 (2004)

beam at slits  beam at observation point

 The beam’s average angular

momentum IS given by 01,2: rms beam size at slit (1) and
observation screen (2),

o109 sin P, : axial momentum
<L> = 2P, D ) : drift length between locations
(1) and (2).
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Experimental generation in a photoinjector

* Fermilab AO normal-conducting photoinjector
(decommissioned),

« 15 MeV, charge up to 2 nC,~3-10 ps bunch

@7, 123501 (2004)

12 350 351 502 D
photocathode 1,1y L3 rf-gun SI S2 Q2 S3 Q4
X 22727227222
gun and booster cavity X3 Ql X4 X5 X spectronfter
solenoids o
3770 ©
cathode o= E,(r=0,z) O
e N _ 5
R . rfgun = )
p = L
g wa . 5 100 o
= *~. B,r=0,2) E
E ) e bunth~—___ _ > 50
T AT~ [aser
=
777 60 120 180 230 50 100 150 200
X (arb. units) X (arb. units)
o P. Piot, EIC’14, JLab, Mar. 17-21, 2014 53
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rotation angle (deg)

Experimental generation in a photoinjector

30 110
I E =
23 = > 90}
&S [P]
- RS
201 50 100 150 200 | @
X (arb. units) D 70 |
o
15+ R7
(o'}
©
10f . °, 0
- o
" ‘_{\{ ol
I
3r A
- 30 [
vV
gﬂ) 400 600 300 1000 1200
magnetic field B, on cathode (G) 10

linear scaling with B field on photocathode

B, (G)

200 400 600 800 1000

UC =0.97 £ 0.04 mm

simulation

1

experiment

30 50 5 70 90
<L>= eBOGc (neV s)

P. Piot, EIC’14, JLab, Mar. 17-21, 2014
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Experimental generation in a

« weak () dependence,

 uadratic scaling
with laser spot size
0. on photocathode.

<> (neV s)

BZ =683 G
6, = 0.90 £ 0.04 mm

__ rf-gun  booster

measured kinetic
angular momentum

CAM from applied B field |

0 2 4
z from cathode (m)

6

8

<L> (neV s)

<[> (neV s)

120

100

photoinjector

80

60

BZ =962 G
6.= 0.82 £0.05 mm

0.5

Q (nC)

1.5

100

BZ: 962 G

0
0

05
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GC (mm)
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Decoupling into flat (¢,/¢,#1) beam

« Transport of magnetized bunches while
preserving L is challenging,

 Use of round-to-flat beam transformer to
convert into uncoupled (flat) beam

— elgen-emittances maps into “physical”

transverse emittances:

ex = /(e4)? + (By L)

_|_
ByL>ei| €y = 2;3’}"[,
- (ByL)"E {._m{ﬂw

€n = 2By

P. Piot, EIC’14, JLab, Mar. 17-21, 2014
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Decoupling into flat beam: experiments (1)

« Same experimental setup as used for generation
of CAM-dominated beams

o

140 | I | | | | N g:]
10 Ssimulations X3 X7 X8 =8
T 100} : : : } o <
= s | / 1 f05nC g
N gl | ! | 4 T O
& : | | = O
~  40F | | | - "™
4ol Fi-gun booster 51 s2 s3l ! L E s}

0 1I 2 5 e 5 s 7 n

distance from photocathode (m)
experiments simulations

10
-5 0 5 -10 0 10

X (mm) X (mm)
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rms beam sizes (mm)

Decoupling into flat beam: experiments (2)

. Parameter Experiment Simulation Unit
* normal emittances
_ oy’ 0.088 + 0.01 (+0.01) 0.058 mm
map into the flat- ¢ 0.63 = 0.01 (+0.01) 0.77 mm
_ e 0.12 + 0.01 (+0.01) 0.11 mm
beam emittance o 1.68 = 0.09 (+0.01) 150 mm
_ gt 0.41 + 0.06 (+0.02) 0.27 pum
o |arge exper|menta| &) 41.1 + 2.5 (+0.54) 53 pm
g)/ex 100.2 + 20.2 (+5.2) 196

uncertainties for
smallest emittance meas.

80
. - _ 70}
X3 i x7i x8:§ 60} -]
_ L 2
i o, w dispersion : #i _ g 22: o ’/C;‘/CJ/
_15_ i o, w/o dispersion - *o© 30l S L
4 ostpos2) s3f | 1 200 ‘,*ﬁe
35 4 45 5 55 6 6.5 10
distance from photocathode (m) 5 1 e 20 0% 30
By £ (um)
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Outlook + open guestions

* magnetized beam from a SCRF gun:
— flux concentrator around cathode?

— flat beam at cathode
[J. Rosenzweig, PAC93 showed (£4,£)=(95,4.5) um]

* needed ¢, and £ ? and limit on 4-D emittance?
« planned future experiment at ASTA

5 <50 E (MeV)

L1, ,CAVI CAV2  RTFB - BCl
t 39
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