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Integral representations for surface & volume sources
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Linear approximation in 3D

Space charge density
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Analytical integration over
cubic mesh cells

X dxdydz
Jl‘mm [JxE+y? + 2 dydz = J2:J.”\/M:J.J.y«/x2+y2+22dydz=%J.r3dz:
X +y +12
r3

}dz—
Ez+ﬂ(x +y)] zr+(x* +y*)In|z+1]].

%J.[y x> 4yt +12 +(x2+zz)ln‘y+ x> +y?+7°

r y x? 1

ZVHZ(XZ+yz)ln‘”r‘+?jln‘y+r‘dz+—jzzIn\y+r\dz,

jln\y+r\dz=z|n\y+r\—z+xtg—l( j X tg- (X¥j+yln\z+r\
Z3

jzzln\y+r\dz:?ln\y+r\+

L 6x2z—27° +3zyr —6x°tg ‘1(Ej+ 6x°tg ‘{ﬂj—Sy(y2 +3x%)In[z + 1|
18 X Xr

JB—HJ.XyZdXdde J'J'yzwlx +yi+z dydz_—jr zdz——

xyln(z+w/x2+y2+22)+yzln(z+w/x2+y2+22)+len(y+1/x2+y2+22)
N P zy 24 -1 XZ 24 -1 Xy
——| Xt t t :
2[)( | [xwlx2+y2+22]+y ; [y x2+y2+22}rZ ’ [zw/x2+y2+zz]]




Sinqularity problems
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*The potential is regular limited function in all space, but the analytical
formulae have some artificial singularities, which should be eliminated in
numerical implementations.

*The field gradients have as artificial singularities in the inner cells as real
singularities on the beam boundary. Those singularities can generate a
numerical noise, which lower the accuracy computation in using of
piecewise-constant approximation for space charge density.

sLinear approximation for space charge density can eliminate all those
singularities.



Simple benchmark
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Linear model. Mesh 8x8x8 Approximation error for different models
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Convergence Study
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Convergence for linear model
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Adaptive integration scheme
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Worse mesh 2x2x2 cells shows clear the influence of the adaptation criterion
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Adaptive integration algorithm can reduce the runtime dramatically (factor of

5-10) lowering the accuracy of calculations just for 0.5-1% comparing the
piecewise-constant, linear approximation; linear & numerical integration scheme



Sheet-beam gun design
for SLAC X-band klystron
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Beam optics simulation using the POISSON-S?code



Summary

*The analytical model to take into account the space charge of the
beam on 3D rectangular mesh is implemented,;

*The efficiency of the analytical model was studied by comparing
the numerical integration, piecewise-constant & tri-linear analytical
models with the exact solution for simple test problems;

 The singularity problems have been studies for different
Integration schemes;

» The adaptive integration scheme Is suggested to increase the
speed of calculations;

*The algorithms of analytical integration have been implemented in
the POISSON-3D code devoted to simulation of high-current
relativistic beam optics in 3D;

» Green’s function technigue demonstrated its efficiency in the
design of sheet-beam gun for SLAC X-band klystron.
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