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Basic Framework
Fermi’s Golden Rule



Invariant Matrix Amplitude
(Evaluate Feynman Diagram)
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Rate of Change of Emittances or 
other Functions of Momentum



Phase Space Distribution



Total Phase Space Volume



Horizontal and Vertical 
Phase Space Components



Longitudinal Phase Space 
Component



Emittances



Angles, Momentum Spread



Summary of IBS Theory
K. Bane Proc. of EPAC 2002, Paris



DEFINITIONS



MORE DEFINITIONS



BANE’S HIGH ENERGY APPROX.
TO IBS THEORY

(Proc. of EPAC 2002, Paris)



PIWINSKI THEORY



PIWINSKI-EVANS-ZOTTER
SCATTERING INTEGRAL



MODIFIED PIWINSKI THEORY
(BANE’S ANSATZ)



COMPLETE THE INTEGRATION



SIMPLIFY MODIFIED PIWINSKI Tp



EVALUATING f(a,b,q)



EVALUATE f(α,ω,δ)
(α, δlarge while ω much smaller)



COMPLETELY INTEGRATED 
MODIFIED PIWINSKI (CIMP)



COMMENT



FINALLY



PRINCIPAL CONTRIBUTIONS 
TO EMITTANCE GROWTH

Betatron Coupling
If the vertical dispersion is negligible, but there is 
some H-V coupling, we expect the horizontal 
IBS emittance growth to feed directly into the 
vertical plane.
In the case that the vertical emittance growth is 
given entirely by betatron coupling, then



PRINCIPAL CONTRIBUTIONS 
TO EMITTANCE GROWTH

Dispersion
Arises from the change in longitudinal momentum in a 
collision at a location of nonzero dispersion.
Leads to an effective change in the transverse 
coordinates of the colliding particles with respect to 
off-momentum orbits.
Generally larger than the direct contribution
The larger the dispersion, the faster the IBS emittance
growth from this effect.



PRINCIPAL CONTRIBUTIONS 
TO EMITTANCE GROWTH

“Direct” contribution
Comes from the fact that two particles moving with 
zero transverse momentum, after collision, have 
some nonzero H & V momentum.  
There is emittance growth even where H & V 
dispersion are both zero.
Dominates vertical emittance growth only for ultra 
small emittances.
Bane approximation ignores this contribution



OTHER CONTRIBUTIONS 
TO EMITTANCE GROWTH

Collective effects other than IBS 
Quantum excitations

Vertical opening angle of the radiation gives 
theoretical limit of vertical emittance
For high energy beams, contribution from 
opening angle is small compared to previous 
contributions.



Comparisons for ATF @ KEK
(no H-V Coupling, Zero Vertical dispersion)



MATHEMATICA Code for 
Emittance vs. Bunch Charge

First, ignore “direct” contribution
In limit of zero bunch charge

Finally, in computer code, we use



Comparison of IBS Growth Rates 
for ATF, ILCSmall, ILCDogbone

(with H-V Coupling)



ATF



ILCSmall



ILCDogbone



For ATF, Turn off H-V Coupling
(Introduce Small Vertical Dispersion)



Consider ATF without H-V coupling for 
Ultra Small Vertical Emittances



Recent Work by Nagaitsev



Define Symmetric Elliptic 
Integral of the Second Kind



Also, define

Fast recursive methods exist to compute these 
symmetric elliptic integrals.  

See 



Definitions



More Definitions



Emittance Growth Rates



Definition of S Integrals 



Recent Work by G. Parzen
Consider Non-Gaussian Beams



Lorentz Invariants



Example: Coulomb Cross Section
(Coordinate System Moving with Bunch)



Consider Bi-Gaussian Distribution
(Frame Moving with Bunch)



Finally, Emittance Growth Rates
in Lab System in Terms of <pipj> 

in Frame Moving with Bunch
(“~” Denotes Bunch Frame)



SUMMARY
We have used Bane’s Ansatz to derive Completely Integrated 
Modified Piwinski (CIMP) formulae for high energy beams that 
agree well with the more complete theory for direct, dispersion,
and H-V coupling contributions to emittance growth rates.
Agrees well with Bane’s approximation where applicable (eg. 
nonzero vertical dispersion), except for ultra small vertical 
emittances, where Bane’s approximation breaks down by not 
including the direct contribution to the vertical emittance
growth rate.
Before using any approximation, always check a few growth 
rates against the more complete theory to gain confidence.
Work is being used to compare ILC damping rings. 
Nagaitsev has introduced a method for the fast evaluation of 
the more complete theory.
Parzen has developed formalism for non-Gaussian beams and 
any cross section.
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