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— Introduction

" Goal: Ability to predict rf cavity’s steady-state response and develop a differential
equation for the transient response

®  We will construct an equivalent circuit and analyze it

¥ We will write the quantities that characterize an rf cavity and relate them to the
circuit parameters, for

a) a cavity
b) a cavity coupled to an rf generator

c) a cavity with beam

J
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— RF Cavity Fundamental Quantities ~

" Quality Factor Q,:

0 = oW Energy stored in cavity
’ P,.  Energy dissipated in cavity walls per radian
® Shunt impedance R ;:
VZ
R, =—"~ 1n ohms per cell
diss

(accelerator definition); ¥ = accelerating voltage

®  Note: Voltages and currents will be represented as complex quantities, denoted by a
tilde. For example:

~

V(t)=Re{ ()™} T (1)=V.e™

where V= ‘VC‘ 1s the magnitude of VC and ¢ is a slowly varying phase.
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— Equivalent Circuit for an rf Cavity

550000
Simple LC circuit representing Simpe umpd 1 cou

an accelerating resonator. - o

-

q

P
—] 4
Metamorphosis of the LC circuit 00) == —
. . . — —_ B
into an accelerating cavity. f, = E=
@ @ i M
al bl cl d) el

Metamorphosis of the L-C ciroult of Fig.1 into an accelerating cavity (after R.P.Feynman®?),
Fig. 5d shows the cylindrical "pillbox cavity™ and Fig. Se a alightly medified pillbox cavity
with beam holes (typical p between 0.5 and L0) Flg. 5¢ resembles a low § version of the

Chain of weakly coupled pillbox ik kR
cavities representing an accelerating

cavity. _L & | R

L
Chain of coupled pendula as =0 P
its mechanical analogue.

L

Chain of weakly-coupled pillbox

Chain of coupled pendula as a

cavitles representing an accele—

mechanical analogue to Fig. 6a
m /—\ m rating aroitils
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— Equivalent Circuit for an rf Cavity (cont’d)

® An rf cavity can be represented by a parallel LCR circuit:

= I;c(l‘):\;c eiwt

® TImpedance Z of the equivalent circuit: 7 — {

® Resonant frequency of the circuit:

® Stored energy W: I

w,=1/NLC

W==CV’
2

1
R

1

+—+iCw

iILw

T

J
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— Equivalent Circuit for an rf Cavity (cont’d) ~

2
®  Power dissipated in resistor R: LV
diss 2 R
)2
®  From definition of shunt impedance R = —4 R =2R
})diss ¢
w W
" Quality factor of resonator: Q,=——=w,CR
diss

-1 -1
- Note: Z:]{priQo[ﬂ_&H Foro~w,, Z= {1+21Q0(wa)w°ﬂ
0, o 0
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/— Cavity with External Coupling

Consider a cavity connected to an rf source

A coaxial cable carries power from an rf source
to the cavity

The strength of the input coupler is adjusted by
changing the penetration of the center conductor
There is a fixed output coupler,

the transmitted power probe, which picks up
power transmitted through the cavity

k /\/\/’\

TRANSMITTED
POWER PROBE

_____________

INPUT
COUPLER

| Ty,

TEM

J
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~— Cavity with External Coupling (cont’d)

Consider the rf cavity after the rf is turned off.

Stored energy W satisfies the equation: aw _
dt tot
Total power being lost, P, , is P =P. +P+P
diss e t
P. 1s the power leaking back out the input coupler. P, is the power coming out the
transmitted power coupler. Typically P, is very small = P, ~ P, + P,
Recall Q, = oW
P diss
. , w W
Similarly define a “loaded” quality factor Q, : 0, =
tot
aw _ oW o
Now 0 — W=We 0,

dr g

. energy 1n the cavity decays exponentially with time constant: 7; =

9

@,

J
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~ Cavity with External Coupling (cont’d) ~N

Equation

P, Py +P

tot AN

N/ 4 N/ 4

suggests that we can assign a quality factor to each loss mechanism, such that

1 1 1
= -
Q L Q 0 Q e
where, by definition,
W

Q.=—5

e

Typical values for CEBAF 7-cell cavities: Q,=1x10%, Q_ ~Q,=2x10":
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— Cavity with External Coupling (cont’d) ~

¥ Define “coupling parameter”:

_a
0,

therefore

1 _(1+p)
o O

" Bisequal to:

5= P
Pdiss

It tells us how strongly the couplers interact with the cavity. Large 3 implies

that the power leaking out of the coupler is large compared to the power

dissipated in the cavity walls.
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~— Equivalent Circuit of a Cavity Coupled to an rf Source ~

®  The system we want to model:

Circulator

F BN . —_—

Cougler :

b
% G,

Cavily

¥ Between the rf generator and the cavity is an isolator — a circulator connected to a load.
Circulator ensures that signals coming from the cavity are terminated in a matched load.

" Equivalent circuit:

=)
[(t)=ie ® Zg gL - J—
=
| |
S—
Lk
RF Generator + Circulator Coupler Cavity

Coupling 1 ted b ideal transformer of turn ratio 1:k
ou %m/{epz%sen ed by an ide u
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~ Equivalent Circuit of a Cavity Coupled to an rf Source

)
[[()=iie @ Z= ]§L R —=C

By definition, R
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— Generator Power

®  When the cavity is matched to the input circuit, the power dissipation in the
cavity is maximized.

max 1 g max 1 2
diss :EZg 7 or diss :@Ralg :Pg
®  We define the available generator power P, at a given generator current I/ g 1o
be equal to P max
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— Some Useful Expressions

. . .
We derive expressions for W, P, P..q, In terms of cavity parameters

QOP & c

W B C()O diss ~ C()OE B 16ﬂ QO VC2
168 “°¢ 168 “°¢
chngTOT
-1
1 1
Zoo=|—t —
TOT |:Zg Z}
-1
R . 0 0,
Zror = _a|:(1+ B)+ ZQO(__—OJ}
2 0w,
_ 0 1
W—4ﬂa)z - - ng
(1+ﬂ>2+Q5[—°]
0, o

For o =0, =
45 0, 1
2Pg
1+ 8) e, ® - @
1+ 0

@,

J

2
1+
\ /\/\/\ ( ﬂ)
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— Some Useful Expressions (cont’d)

(1+ﬂ) w01+{2 0, a)—a)o}
(I1+4) o,

®  Define “Tuning angle” V:

tan P ——QL( @ —&J ~-20,

w,

_ 45 Q, 1
(1+5)* w, 1+tan®¥ *

¥ Recall: w W

diss — QO

4 1
Pdiss: ﬂ 2 2 P
1+ B) 1+tan"¥ °

J
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— Some Useful Expressions (cont’d)

Optimal coupling:
which implies Aw =0, ﬂ =1

this is the case of critical coupling

W/P maximum or P

=P

diss g

Reflected power is calculated from energy conservation:

P,=P—-F

refl diss
])reﬂ :])g 1_ 4ﬂ > 1 5
1+ ) 1+tan" ¥
On resonance: W = ap QO
1+ 8) o, g
4
diss — IB Pg
T+ )

1-8Y
w12

Dissipated and Reflected Power

0.6 -

0.5

0.4

0.3 -

|
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0.1+
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— Equivalent Circuit for a Cavity with Beam
® Beam in the rf cavity is represented by a current generator.

" Equivalent circuit:

® Differential equation that describes the dynamics of the system:

lC e di, iR = VC ) VC = L&
dt R, /2 dt
Ra

" R, is the loaded impedance defined as: R, =

1+ /)

J
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— Equivalent Circuit for a Cavity with Beam (cont’d) —

¥  Kirchoff’s law: v ~ v
[, +ip+ic=1,—1,

" Total current is a superposition of generator current and beam current and beam
current opposes the generator current.

2~
d 2 0)0 dvc+a)§‘70:a)0RL d(; —ZZ;)
a0, dt 20, dt

~ o~
~

Assume that V., I,,1,  have a fast (rf) time-varying component and a slow
varying component:
_ V eza)t

it

e

2

~n

g = 4y

T T ot
=1,e

~

where o is the generator angular frequency and I/C 5 / g
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— Equivalent Circuit for a Cavity with Beam (cont’d) —

) ~ ~
®  Neglecting terms of order a7V, dal 1 dV, we arrive at:

dt*> " dt’ Q, dt

4V, , o (1—itan PV, = L(] ~7)
dt 20, 4QL

where W is the tuning angle.

" For short bunches: |, [® 21, where I, 1s the average beam current.
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— Equivalent Circuit for a Cavity with Beam (cont’d) —

g

Ve y 2 q_ianwy =28 G _7)
dt 20, 40, ¢
= At steady-state: V. = R /2 __ R 12 .
(1-itan¥) * (-itan¥)
- R . v R,
or V, =—%1I cos¥e" —71 cosWe'
or V, =V, cosWe™ |+|V, cosWe™
or V, = V, + v,
vV, = &g,
3 2R . are the generator and beam-loading voltages on resonance
V~br = = 2L ib

V
and { ~ } are the generator and beam-loading voltages.

J

\_ /i\/\mc}:
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— Equivalent Circuit for a Cavity with Beam (cont’d) —

¥ Note that:

\/T,/PR ~2,/PR, forlarge

| I/br |: RLIO
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— Equivalent Clrclul(tVf())r a Cavity with Beam (cont’d) —
m

A

iy
V,=V,cos¥e™ Vg” cos Ye
V.=V, cosWPe™
Y

A /

-Re(V,)

As Y increases the magnitude of both V, and V, decreases while their phases
rotate by ¥
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— Equivalent Circuit for a Cavity with Beam (cont’d) —

V.=V, +7,
" Cavity voltage is the superposition of the generator and beam-loading voltage.

" This is the basis for the vector diagram analysis.
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~— Example of a Phasor Diagram

J

k NN
Son b =
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~— On Crest and On Resonance Operation

\—

®  Typically linacs operate on resonance and on crest in order to receive

maximum acceleration.

" On crest and on resonance

l

A

v,

»
»

A

v

Vg
V=V, =V,

a gr

where V, 1s the accelerating voltage.

J

oo |-
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~— More Useful Equations

® We derive expressions for W, V,, P
defined by: K=I/2 VR/P,

From: V

\

diss» Preq 101 terms of B and the loading parameter K,

#5(%)

. 2B 4p O, K
|Vgr |: IDgRL = - ])g
Ji+ 5 “W=A o\ B
Vi, |= Rody — __48 [, K 2P
v,=v,-V, woa+epyl )
]OVva:] R])dzss
UEIOVG — 2\/E 2K{1_£j
P, 1+p JB
2
(-1D-2K\p
})reﬂ:P })dzss IV - })reﬂ:|: 2\/7:| P
\_ /\/\/\9: g (B+1) Y

Thomas Jefferson National Accelerator Facility
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~— More Useful Equations (cont’d)

" For B large,

1
P, = H(I/a +IORL)2

g
L

1
= E(I/a _IORL)2

L

})reﬂ

® For P_=0 (condition for matching) =

VM
Iy’

R, =

and

p oV (Ve 4 )
4\t I

J
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— Example

® For V,=20 MV/m, L=0.7 m, Q,;=2x107, Q,=1x101°:

\—

Thomas Jefferson National Accelerator Facility

Power

I, =100 pA

I[,=1mA

3.65 kW

4.38 kW

14.033 kW

diss

29 W

29 W

29 W

I,V

0w

1.4 kW

14 kW

3.62 kW

2.951 kW

~44W

J
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— Off Crest and Off Resonance Operation

®  Typically electron storage rings operate off crest in order to ensure stability
against phase oscillations.

As a consequence, the rf cavities must be detuned off resonance in order to
minimize the reflected power and the required generator power.

® Longitudinal gymnastics may also impose off crest operation operation in
recirculating linacs.

®  We write the beam current and the cavity voltage as
- i
I, =2[e""
7 _ iy, _
V.=Ve and set v, =0

o

The generator power can then be expressed as:

A (1+,B) {H

2 2
LRy +| tanw — Lo i v,
V. 4

L
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— Off Crest and Off Resonance Operation (cont’d) —

" Condition for optimum tuning:

I,R,
tan¥ = —=siny,

®  Condition for optimum coupling:

IR
ﬁo_ 0" "a

®  Minimum generator power:

J
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— RF Cavity with Beam and Microphonics ~

The detuning 1s now: tan ¥ = -2Q,

of,tof tany, = 0f,
0=

/. -
where 0 f, 1s the static detuning (controllable)

and o f 1s the random dynamic detuning (uncontrollable)

Probability Density

Frequency (Hz)

'
[y

Medium B CM Prototype, Cavity #2, CW @ 6MV/m

12 - 400000 samples

6

4 0.25

2

0 2 02 ~~

2 2 / \

- T

54 h T il | , l z / \

-8 4 | S 01

Qo
0 T o r 8 / \
90 95 100 105 110 115 120 o 0.05 ‘/ \
-nme (SEC) 0 T T T T T T
-6 -4 -2 0 2 4 6 8

\—

'
oo

Peak Frequency Deviation (V)
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, Q. Optimization under Beam Loading and Microphonics

Beam loading and microphonics require careful optimization of the external Q
of cavities.

Derive expressions for the optimum setting of cavity parameters when
operating under

a) heavy beam loading

b) little or no beam loading, as is the case in energy recovery linac cavities
and in the presence of microphonics.
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— Qcx Optimization (cont’d) ~

; IR 2 LR . |
Pg:VC (1+'B)4 1+ cosy, . | +|tan¥ ——“Lsiny, | ¢
R, 4p Ve Ve
tan\P:—2QLﬂ
0

where of 1s the total amount of cavity detuning in Hz, including static detuning and
microphonics.
= Optimization of the generator power with respect to coupling gives:

By =4|(0+1)" + |:2Qo 5f—f +btan WM}

0

IR
where b=-—"“*—“cosy,,

c

where I, is the magnitude of the resultant beam current vector in the cavity and vy, 1s the
phase of the resultant beam vector with respect to the cavity voltage.
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— Qcx Optimization (cont’d)

J

( o) 2\
V2 (1+ IR IR, .
= ( 'B)< 1+ cosy, | +|tanW ——Lsiny,
R, 4p V. V. |
Of,+0
where: tan ¥ =20, Jo+0Ju
o
® To minimize generator power with respect to tuning:
Of,=— Jo b tan ¥
20,
—
P = Ve 4+ ) (1+b+ B)’ +{2Q05f}
R, 4p o
k /\/\/’\9:
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— Qcx Optimization (cont’d)

" Condition for optimum coupling:

IBOpt = \/(b + 1)2 + (2Q0

5t T
Jo

2R

a

2
d opt c2 fm
an P = —— b+1+\/(b+1)2+[2Q0 j

" In the absence of beam (b=0):

f2
B = [1+| 20, 2L

Jo

2
and P = A 1+\/1+£2Q05f

0

*

J

\ ﬂ /N ﬂ B
USPAS Recirculating Linacs

ities Research Association for the U. S. Department of Energy

Thomas Jefferson Natlonal Accelerator Facility Operated by the Southeastern Univers

Krafft/Merminga/Bazarov

3 May 2005



— Homework

\—

= Assuming no microphonics, plot B, and Pg_ as function
of b (beam loading), b=-5 to 5, and explain the results.

= How do the results change 1f microphonics is present?
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— Example

® ERL Injector and Linac:

of =25 Hz, Q,=1x10!°, f,=1300 MHz, [,=100 mA, V =20 MV/m, L=1.04 m,
R,/Q,=1036 ohms per cavity

® ERL linac: Resultant beam current, I . = 0 mA (energy recovery)

> “tot
and 3, =385 = Q;=2.6x10" = P, =4 kW per cavity.

opt

® ERL Injector: I,=100 mA and f3
per cavity!

=5x10*! = Q;=2x10° = P,=2.08 MW

opt

Note: I,V, =2.08 MW = optimization is entirely dominated by beam loading.

J
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~— RF System Modeling ~

®  To include amplitude and phase feedback, nonlinear effects from the klystron
and be able to analyze transient response of the system, response to large
parameter variations or beam current fluctuations

® we developed a model of the cavity and low level controls using
SIMULINK, a MATLAB-based program for simulating dynamic systems.

Model describes the beam-cavity interaction, includes a realistic representation
of low level controls, klystron characteristics, microphonic noise, Lorentz
force detuning and coupling and excitation of mechanical resonances
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~— RF System Model

\—

To Workspacas

Thomas Jefferson National Accelerator Facility

1 >
To Workspaced L., amp Cavity Valtage
To Workspaca
.
+ > i) To Workspaca
- >
Qi To Workspace2
* L
. g
Q To Workspaca?
o Workspacet ]
Demux  [Demuxz —K# P
Beam Current
NoT
close + il
lcop > VD
Sum1 Grad SET
i} Pz * —‘_
E; d—l_ +
— W - PHIO*pii 180
loop gain Sumz2 Phase SET
Darmux - —H# Pl *
e
Demux open loop Mus2
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— RF Modeling: Simulations vs. Experimental Data —

— 178us
)
'; " 0.15 O —
_ | GMES | -
| I Cavity_Voltage
2mvV I K T GASK 5500
. i : M 0.10 ) S
DC=38V'! 5 2 N e 2500 S
: | Z =
1 1 /o ' o
: = Z 0.05 [ 2.498 g
' ' Mo A
' | z =
| ' < | =
e GASK °
m ‘ i CILI1 0.00 | O
= ’ ' | 2.494
DC=3 .4V ; |
1
) M I50ps Ext/10.5  310mv 0.05 ! PR S R 2492
@ oomv | Ch2 2my it 53 6.0 6.1 6.2 6.3 6.4

Time (msec)

Measured and simulated cavity voltage and amplified gradient error signal (GASK) in
one of CEBAF’s cavities, when a 65 puA, 100 usec beam pulse enters the cavity.
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— Conclusions ~

®  We derived a differential equation that describes to a very good

approximation the rf cavity and its interaction with beam.

®  We derived useful relations among cavity’s parameters and used phasor
diagrams to analyze steady-state situations.

" We presented formula for the optimization of Q. , under beam loading and

microphonics.

ext

®  We showed an example of a Simulink model of the rf control system which
can be useful when nonlinearities can not be 1gnored.
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