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— Transfer Matrix 1n terms of o and f

Also, the unimodular transfer matrix taking the solution from s
to s' 1S

’g ((Z')) (cos Ap,  +als)sin A, ) VB(s)B(s)sin Apy,
M, = ) 1 {(1 +a(s")a(s))sin A, } B(s)
VAB(s) [+ (als)-als)cos ..

Note that this final transfer matrix and the final expression for
the phase advance do not depend on the constant c. This
conclusion might have been anticipated because different
particular solutions to Hill’s equation exist for all values of ¢, but
from the theory of linear ordinary differential equations, the final
motion 1s unique once x and dx/ds are specified somewhere.

cosAu, . —als')sin Ap,
,B(S')( , ( ) , )
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~— One method to compute the f-function

Our previous work has indicated a method to compute the f-
function (and thus w) directly, 1.e., without solving the
differential equation Eqn. (3). At a given location s, determine the
one-period transfer map M., ((s). From this find x;, (which 1s
independent of the location chosen!) from cos y;, = (M+M,,) / 2,
and by choosing the sign of &, so that S(s) = M,,(s) / sin y; 1s
positive. Likewise, a(s) = (M,,-M,,) / 2 sin ;. Repeat this
exercise at every location the f-function 1s desired.

By construction, the beta-function and the alpha-function, and
hence w, are periodic because the single-period transfer map 1s
periodic. It is straightforward to show w=(cf(s))"? satisfies the
envelope equation.
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— Courant-Snyder Invariant

Consider now a single particular solution of the equations of
motion generated by Hill’s equation. We’ve seen that once a
particle is on an invariant ellipse for a period, it must stay on that
ellipse throughout its motion. Because the phase space area of the
single period invariant ellipse is preserved by the motion, the
quantity that gives the phase space area of the invariant ellipse in
terms of the single particle orbit must also be an invariant. This
phase space area/r,

&= + 2000+ " = (x2 + (,Bx'+ax)2 )/ i

is called the Courant-Snyder invariant. It may be verified to be
a constant by showing its derivative with respect to s 1s zero by
Hill’s equation, or by explicit substitution of the transfer matrix

solution which begins at some initial value s = 0.
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— Pseudoharmonic Solution ~

Bls)

[ x(s) B (COS Au, , +at,sin Aﬂs,o) Bls)p, sin Aty X,

dx = ’ dx

(S)J 1 [(+als)e, )sin Ax, 5, | [ ]

5 | TR e comag] A~ 1
gives

(x2(5)+(ﬁ(s)x'(s)—l—a(s)x(s))z )/ :B(S): (xg +(ﬂox'o+aoxo )2 )/ py=é

Using the x(s) equation above and the definition of ¢, the
solution may be written 1n the standard “pseudoharmonic” form

x(s)= 8,B(S)COS(AIUS,O ~5) where &= tanl(ﬂox'o +a0x0j

X0

The the or1g1n of the terminology “phase advance™ 1s now obvious.
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— Solutions to Hill’s Equation for Constant K

K>0

Ms',s - {

Ms's =
’ {\/_KSinh(\/_K(S'S))

cosh(\/z(

cos(\/f(s'—s))
—\/Esin(\/f(s'—s))

s'—s

)

sin(\/E(s 'S))/\/E]
cos(\/f(s ' S))

Sinh(\/_K(S'S))/\/_K]
cosh(\/j(s'—s))
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— Note on K > 0 solution ~

For the uniform harmonic oscillator have absolute stability and
the formula for phase advance gives

cos,u:cos(\/E(s'—S))—)yzx/E(s'—s)

1.e., the amount by which the phase of the oscillation advances

1

1s constant and ff = —
g P~k
The formulas for M, ; and the phase advance work in this
specific case

Aug, = %z \/E(S'—S)
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— Thin Lens Approximation ~

In the limit s" — s, with K increasing to give constant angle change

I 1 0) (1 0
k>0 e —K(s'-s) 1 _(—l/f 1)

K<0 Mszs:((_K)zS'—s) ?):(l/lf (1)]
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Alternating Gradient Focusing

Principal of Alternating Gradient (Strong) focusing discovered
by N. Christophilos, M. S. Livingston, and E. Courant.
Fundamental for building large accelerators.

K\_/ —Ku

Largest kick at largest radius implies net focusing for alternating
positive and negative K
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— and p for AG Focusing

b > A
M e Y« M\ 2 V]
RV Ve
N IBF ”
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el 1o \eis 1o A \=1rp 1) (=2n -2 f) 1-2020 87
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— Neck Tie Region of Stability ~

Now assume that the focal lengths are different, and possibly
not alternating.

Lo (T ooyr Ly 1oooyr Ly 1t o) 12‘2L/f* 2L(-L11,)
e 1[0 1\-2/1, 1(0 1)(—1/11 J‘ —F(I—L/fl) I=2L/f*

L_1,1 1
VAR V2

L/ £
1.0
Tr(M) <2
1.0 ‘L/f1‘

Thomas Jefferson Na_t|0na| Acce|erator Fa(;|||ty Operated by the Southeastern Universities Research Association for the U. S. Department of Energy



— Hints for Problems
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