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~— Thomson Scattering CORNELL

CHESS / LEPP
Purely “classical” scattering of photons by electrons

Thomson regime defined by the photon energy in the electron rest frame being
small compared to the rest energy of the electron

In this case electron radiates at the same frequency (elastic scattering!) as the
incident photon for small field strengths

Dipole radiation pattern is generated in beam frame, as for undulators

Therefore radiation patterns can be largely copied from our previous undulator
work

Note on terminology: Some authors call any scattering of photons by free
electrons Compton Scattering. Compton observed (the so-called Compton
effect) frequency shifts in X-ray scattering off (resting!) electrons that
depended on scattering angle. Such frequency shifts arise only when the
energy of the photon in the rest frame becomes comparable with 0.511 MeV.
We will reserve the words “Compton Scattering”, only for such higher energy
scattering. We will talk about only one experiment in the “Compton regime”.
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Simple Kinematics e
' P CHESS / LEPP
e hB_po:
¢ B=p:
/?V I\\é\‘\
Beam Frame Lab Frame

P, =mc’(y,yB.2)

Py = EL(l,sin (ch+coscl)2)

D" pp—mcE' =mc’E (

(3.1)
Y,

— . cos D)
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E',=E,y(1- B.cos®)
In beam frame scattered photon radiated with wave vector

E' . . .
k' = L(1,smé"cos¢',sm9'sm¢',cos9')

¢

Back in the lab frame, the scattered photon energy E. 1s
E',

E =E" »(1 0')=
s L7/( + [, cos ) 7/(1—,320089)

3 (1 — 3. cos CD)
o= (1- . cos6) (3-2)
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— Cases explored
p CHESS / LEPP _\
Backscattered
O=r
]
E =E (1+4.) ~4y°E, at 0=0

7 (1= B.cosB)

Provides highest energy photons for a given beam energy, or

alternatively, the lowest beam energy to obtain a given photon
wavelength. Pulse length roughly the ELECTRON bunch length

J
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— Cases explored, contd. CORNELL

CHESS / LEPP

Ninety degree scattering

O=x/2

1
E =E ~2y°E, at 6=0

(1= B.cosB)

Provides factor of two lower energy photons for a given beam
energy than the equivalent Backscattered situation. However,
very useful for making short X-ray pulse lengths. Pulse length a
complicated function of electron bunch length and transverse
size.
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— Cases explored, contd.

Small angle scattered (SATS)

D <<

(D2 2,2
E =E, ~ Oy E,
2(1- . cos )

TN T Y EE Y T ¥

CHESS / LEPP

at =0

Provides much lower energy photons for a given beam energy
than the equivalent Backscattered situation. Alternatively, need
greater beam energy to obtain a given photon wavelength. Pulse
length roughly the PHOTON pulse length.

J
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— Transformation of Photon Field CORNELL

CHESS / LEPP

Photon field for x-polarized plane wave traveling in the —z
direction (i.e., for the backscattered case!)

A (t, X, ¥, z) = A(Z + ct)ei(kzz+“’t)

A (t',x',y', z') = A(}/(I + 0. )(Z'+ct'))ei(k'zz'+a"t')
because z+ct= 7/(1 + L. )(z'+ct')

=y(1+B.)o (3.3)
k.= y(1+ B k.

E' . =y(1+B.)E,
=y(1+.)B,

=—-F
X
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— Finite Pulse Effects CORNELL

CHESS / LEPP

The main focus of the rest of the lecture today is to generalize
the work done so far to cover cases with

1. High Field strength
And

2. Finite Energy spread from the pulsed photon beam itself
Roughly speaking, the conclusion 1s that the energy spectra of

the scattered photons 1s increased by a width of order of 1/N,
where N 1s the number of oscillations the electron makes.
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— Hamilton-Jacobi Method CORNELL

CHESS / LEPP

Given single particle with Hamiltonian A, can obtain motion
by solving the (first order) Hamilton-Jacobi partial differential
equation (non-relativistic!)

Easy example: Free Particle Motion

oS 1 oS oS

ot 2m — 0q, qu
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k L.
_(t_to):q_%
m

Free particle action

S=—at+é’-/€:m ‘q_QO
2t -t

(by addition of an (irrelevant!) constant factor)
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— Homework CORNELL

CHESS / LEPP

Write down the Hamilton-Jacobi equation for the harmonic
oscillator. Assuming an action function of the form

S(g,a,t)=W (¢q,a )- at

solve the the Hamilton-Jacobi equation for the motion harmonic
oscillator:

q(t) —— Sin a)(t+,6)

Note that the constant f follows directly from the requirement
0S
LB =
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— Homework CORNELL

CHESS / LEPP

To 1llustrate the use of the Hamilton-Jacob1 method to eliminate

cyclic variables, use the Hamilton-Jacobi equation for
gravitational motion in the plane with Hamiltonian

] 2 p; G

H(pr,pe,r)=ﬁ pl+ —

to show the orbit is

L L +scos (0-96,))

r@) r,

One should assume that

5 =W(r,a,p90)—05t—|— Poot

Hint: in this problem 0S / Op,,,, is a constant of the motion
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— Electron 1in a Plane Wave

CORNELL
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v

CHESS / LEPP

Assume plane-polarized pulsed laser beam moving in the —z direction

—_

A=A (z+ct)x =4 (&R

Electron Langrangian (electron charge is —e)

L=-mc* 1=’ +e¢—£17-;1
c

Electron canonical momentum
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Electron Hamiltonian

CORNELL
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N

CHESS / LEPP

1

H =ymc’ —ed
Hamiltonian in terms of canonical momentum
o 2
(H+eg) =m’c* +| P+=A4| ¢
C
Relativistic Hamilton-Jacobi Equation
2 2
oS oS e -
—+e¢ =m’c'+| —+—A4| ¢’ (3.4)
or ¢
J
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fp=—=— t+7 are constant
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- r—r,
. t—1, 3
k = = ymy the usual formula
2
r—r,
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— With the Field CORNELL, ~

CHESS / LEPP
Assume solution of full H-J equation (3.4) of the form

S =—kyet +k -7+ F(&)

Because the propagation vector 1s perpendicular to the vector
potential, one obtains an ODE for F’

—~12
dF 1 mzcz—koz+‘k
dé -k, — k. 2 ¢ TF et
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o o
Obtain the energy and momentum by differentiation
oS _mzcz—k2+‘/€2 2 _
“E=L - fke+—" - Sk A +—— A2 | = —ymc?
ot ky+ k. 2 c 2c
A
Px:a_S:kx:mvx_ex
ox c
(3.5)
oS
Py = @ = ky = mvy
oS 1 _mzcz—k2+‘/€2 2 |
P =—"=k_ + i +£kxAx+ ezAj = ymv
0z —k,— k. 2 c 2c
\_ mmm ] ] y

o)
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o Clessiwee |
Obtain constants of motion by differentiation w.r.t. k
) . _
m’c’ —k; +\|k 2
ﬂoza—S:_ + 1 2j_§ O ‘ ‘ +£kxAx+ ezAj déz'—l——k()f
ok, (k0+kz) ® c 2c k,+k
B, :8_S:x_ 1 J-f eAxd . k &
ok, ko +k, 3 ¢ ko + k.
(3.6)
N k&
b=k = Tk <k,
) I _
2.2 2
R R — [ me ki +[f] P kA g g K
' Ok, (ky+k,) = 2 c T 2e0 ko + k.
\—
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— Boundary Conditions for Beam Frame »%73% &+
CHESS | LEPP

x'=y'=z'=0 as t —> —o0

x'=y'=z'=0 as { > —o0

k',=0 k',=0 k'.=0 k'y=mc

82 Av2
y'=1+ —7
2m°c
! '
Vi _ eA' .
c ¥ ' me 2 ( . )
82 A!i
v ap2et 1=y Ponderomotive
_ mmr\ B y' Ty Force along -z y
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~— Simplification Using the Proper Time CORNELL

CHESS / LEPP

As 1n the discussion of undulators, the orbit in the beam frame
1s expressed simply in terms of the proper time by
differentiating the time equation

Lar e’4” ,
=l+—5=y " &'= 1+ constant
a’§ 2m’c
Direct differentiation of Eqn. (3.6b,d) or ratios using Eqn. (3.7)
el
yields & ed.
dé' mc’
&' e
d&' 2m’*c”
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The electron moves on a modulated sinusoid in proper time with
angular frequency €)' in x and 200’ in z where

— 7/(1 + IBZ )a)O
Py, 21 = —ed(x'—x' (§'(0))s ()5 (2~ (£'(1)))
j'()C',y',Z',f') _

—eldx'/dENdE di)xS(x'—x' (&' (1'))6 ()6 (22" (£'(¢'))
—eldz'/d&NdE' dr)es(x—x' (&' (¢))o (y')o (22 (£'('))
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CORNELL

— Radiation Potentials

(O} (7’ ’t) J.ip!(—’n t__jdxndyndzn_ .

R

'A% (&) e

WY FE Y F T 7Y
io'(t"-t'+®RHESS /| LEPP
e dt"do'
27 R'
&
i ij e 4 22 )d§ _{'+R'/¢)

e
MJ{H

2 4
2m°c

} = d&'dw

! ' 1\ io'(t"-t'+R'/c)
A!x (Fl)t')_jR{ J (_'H t,_%jdx!ldy"dzﬂ__zej[jvx(t )eR'C dt.'!da)!
( ) ia)'(5'+1? ezzA')z‘z(i")dg"—t'+R'/c)
e red (&')e = = T"°
- _ X A& dow'

27c '[ mc’ R ( R/Cf) @

' ' 1\ io'(t"-t'+R'/c
A!Z (F',tl):J‘RL'C'JI (“’H t_%jdxﬂdyﬂdzﬂ__ziz-jvz(t )eR'c dt”da)'
ia;'(fﬁlf[' ALy i re)
e (£4LE)e T dé'do
27zc 2m*c’ R'

J
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~— Magnetic Field CORNELL ~

CHESS / LEPP

Space differentiate the potentials to obtain the magnetic field

¢' 2 2
. !5' 1 eAx((:) 1A] 1 1
_ e eA' io'(>+ | SR €)
B'zz sm@CDj (é:)la)'e St e d&'do'
e’y
)
1T EANE)
| A'z(f) | za)(C+CJ LS 1'+R'/¢) o

- s1n9¢j in'e dE'dw

e’y
Far field

R= e @ = €
~ I"'(l— X' TQA'x (5”)(115”_'_ z' ? ezA')zc (5”) dénJ

2 4
mc r' . 2m°c

e 0]
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CORNELL

— Fourier Transformed AV N
CHESS / LEPP

la)'(é Sin9'005¢' ? eA'x(f")dé:ll+(l+cose').r 2A'2(§")d§ —t'+r /C)

- eA' met
B'(7',t)~ sin @' @' I (g)za)'e R e dé'do'
27c’r!
v ey AN " N , "
0 82A|2 (5 ) | la)'(i SII’IQCCOS¢ .[ €Anf:£§ )d§||+(1+CZ)SH)J. 22"112((: )dg —t'+r'/c)
——siné' ¢ jﬁza)’e . - dé'daw'
27[0 r' 2m°c

In Thomson limit, spectral content of the emitted radiation
depends “simply” on emission angle in the beam frame

'oin A A ' " NS 2 02 (g
ia)'(é sinf@'cos ¢ J.eAX(f )d§,+(1+c0s9)j e* A (&)
c mc

~ \ o gy
B'(#',0")~ —sm@@jeA (é:)za)'e N /2
cr
2 0 za)(é sinf' cos¢ ed', )dgg,,+(l+cos€') - 2A'22(€ )d§ "
sm«9 ¢J- e (é:) iv'e ° I ‘ [0 e ge
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So the emission 1s calculated (exactly, in the far-field limit)
using an equivalent x-dipole spectra

D (o)~ [ A R
Ao )= |——Fiwe -

2
mc

dé&'

and an equivalent z-dipole spectra

. &' &'

& sinB'cosg' T ed' (E) ., (1+c0s') T A'(E") ..,
2 2 ( d&E"+ d&")

D' (w'):j—e 4 (5')1'60'61@ e e e d&'

2 4
2m-c

Given the photon beam vector potential, one obtains the spectral
distribution of the radiation by performing these “simple” integrals

J
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~— Polarization Energy Distributions — CORNELL

CHESS / LEPP

Compare with Eqns. (2.14) and (2.16)

dE'perp o2 N
— D' ' '
do' dO! 872' ‘ ( X S1n ¢
dE'par . 2 ! ' ' ' | . '2
J0'd0' 872 |D ( )cos&’ cosg'+D'. (a) )sm6’|

Results “exact” for electrons in a plane-wave and in the far-field
limit. They can be used to reproduce what we previously have
obtained!
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— Case I: Low Field Limait CORNELL

CHESS / LEPP

ed', (&)
mc’

<<1

. &' &'

. &' sinf'cosg’ eA'x(f") " (1+cosH') ezA'i(gg") " ,
(= dé"+ d&ém) . &
J edlo) (25 Diwe < A dé'~—c| ¢E', (&) i

mc

D ()=
D ()<< D, (@)

Therefore, for low fields the spectral content of the emitted
radiation is independent of the emission angle in the beam
frame. The electron re-radiates at the same frequency as it
moves.
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~— Energy Spectral Distributions CORNELL

CHESS / LEPP

dE’ ¢ B, (@)
B - sin’ ¢'
do'dQ)' 8r’c m’c’
dE' .. e’ ez‘ﬁ'x (a)'/c)(2

2 2
——=— — cos” @'cos” @'
dw'dQ) 8r°c m-c

Or in the lab frame

dE,, & ¢|E(0(-p.cos0)(c(+ £ )
— S1n
dwdQ  8rn’c m’c*y*(1- B, cos8) (3.8)
~ 2
dE,,, . o2 €|E (o(l1- 4. cosH)/(c(lJr,Bz)))( cost— f3, zcosz¢
da)dQ 87°c m*c*y*(1- B.cos Q) 1-f3.cosd
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~— Comparison to Weak Field Undulator - CORNELL ~

. o . CHESS / LEPP
This result 1s 1dentical to the weak field undulator result (2.71)

with the replacement of the magnetic field Fourier transform by
the electric field Fourier transform

Undulator Thomson Backscatter

Driving Field Ey (@(1-B.cos0)/cp.)  E (=B, cos0)/(c(1+5.))

Forward 1~ Ay 1~ Ay
Frequency 2y° 4y
Lorentz contract + Doppler Double Doppler

The discussion following the weak-field undulator result applies
with trivial modification
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— Case II: Longitudinally Flat Photon Pulse?m]-l# ~

VHESS / LEPP

Suppose (unrealistically!), that the photon pulse 1s hard-edge
and flat with NV, periods

4,(8)= 4, COS( )[@ ®(§—Np/10)] define a = eAOZ
Ay mc
| : iw'(g sinH’cos¢'§' eA'x(f")dé"+(1+COS(9.) o ezAé(i")dgn)
D' (@)= eA,,,;‘C(f die™ L g
io' g_asm6'?7005¢ n ) (1+COS6")( ,+sin(2]c"Z§')
ia)'a'fcos(k'z Ee e TR ])dcf'

ia)'(g sin@'cos ¢’ j‘ ed' (& " 1+cos8") j‘ erA2 (&) .,

) gery
2 02 d d
D'Z (a)') = L)C(éﬂ)ia)'e ¢ c 5, mc : ¢ = 2mi : )df'_

§ _asind' cos¢
k'
cos f')e e
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a’ (1+cosH'){ |

e\ 2k, J)df'

lC() a (kzﬁf')+




r A any
Utilizing Bessel Function expansion and identities that we’ve
seen before

2 '

i i n+2k' ' n+2k(Zw' Slnﬁ'cos¢] (%kfo (1+COS<9')j
%

U
", sin 0'cos ¢ . c

xan( @ (1+(a2/4X1+cos6?'))j
k' c

) 00 2 ' 1 1 2 !
D'z:icz Z(‘; ]:) + 2k )Jn+2k£:a)csln6"cos¢) (%]:) (1+cos6")]

¢ l+cos6 ] c
X0, [ ki)'c (1 + (az /4X1 +cos «9'))J

ey, SIN(A7ZN ) sin(47/n)
sin(Adz/n)  A-n
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o )
B s g

I = e |D'( VeosB'cosg'+D' (@')sin O
do'dQ)' 8rn’c )
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~— Energy Spectral Distributions: Beam FramemsE]-l# ~

vneaS / LEPP
GHZ' €2n2 1

perp,n

do'dQ) 27%c sin®@'cos’ ¢

[S,, +S,, /n] sin® ¢o, (4)

— 12
' ' 2
Sln(C?SQ' + a') ¢ sinﬁ'j
dt',,., e'n’ smf' nk' c 4 ‘a (A)(z
do'dQ' 2r°c S, cos«9'Jr sin @' i
n \ sin@' (1 + COS «9')

: -
ZJ;sz[ sm@'oos¢j [c; ]:) (1+cos6")j

k'=—o0 C

z

2 aw' at o
S, = 2k'J .| ——sin@'cos @' |J,. l1+cos@'
2n z n+2k(k, C ¢j k( 8 k' C( )]

z z
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—

~— Energy Spectral Distributions: Lab Frame).)m]-l#

\—

UHESS / LEPP
For the general distribution at high @, due to the non-trivial
transformation properties of the polarization vectors, it 1s
casier and makes sense to first transform the electromagnetic
field into the lab frame, and then perform the polarization dot
product. In general,

(= € ~ ezA')zc (é') la)' !
E'(r',t')z—zn'j{1+ ; } dH

2mc 2m’c R'

e .red (&)io' e A% (&) in
— X dH' dH'
27c” xj mc> R T 2 7tc? Z’[ 2m*ct R

where

{ ? e 4 ’2“2 d&' —tc+R}
—e L dE'de'

_\
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r Ay
2 N2 .
~ e . . aafe A4 (5')10)'
B'\r',t')= sin@'sin @' x L dH'
( ) 27’ ? 2m*c* R
e red (&)io e . elA% ()i
— cos @' X dH '+ sin 8'cos @' X dH'
27c” y-[ mc> R 27c” ? yj 2m*c* R
e . ., ared (5') (@'
sin@'sin @' x X dH'
27c” ? j mc> R
By Lorentz Transformation Formulas
E = y(E'x—I—,BZB'y) B, = 7/(B'x—ﬂZE'y)
E, :7/(E'y_:BzB'x) B, =y B'y+'BZE'x)
EZ :E'Z BZ :B'Z
NN )

N o it I~
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/ , 2( ) CHESS / LEPP
= e . 79 1 e’ A ) |iw
E = Z X dH
(r,t) 27’ n-“L/(lJr,b’Z)Jr 7/2(1+,BZ)2 2m*c* } R

e . 1 eA \$)iw e . 4 1 eANE) |iw
- zxj (2) dH+—22j +— 5 2(4) dH
Y y(1+ B.) mc* R 27 Y1+ 8.) » (1+B.) 2m’c* | R
S e ... 7B 1 e’ A2(¢) |iw

B =— 0 L — x dH
(r,t) 272'6'2 S1n Smgbx"‘L/(lJr,B ) 7/2(14‘52)2 2mzc4 } R
ecosd 1 ed(é)iw esin @ cos 1 eANE) liw
ecost Qio gy, ¢j B 1 ead]i,,
27mc y(1+ B.) mc* R 27’ y(I+8.) ¥ (1+p.) 2m’c* | R
T sm<931n¢z_[ 7 )eA <§) 7 Y aH

,-C;)[g+ ? e;Ai(iv)d?—tﬁR}
dH =e L > "¢ dédw
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General Expressions A A
' p ) 5 CHESS / LEPP
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— For Flat Pulse

D
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CHESS / LEPP
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An integration by parts gives
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~— Energy Spectral Distributions: Lab Frame).)m]-l# ~
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~— Comparison to High K Undulators CORNELL

CHESS / LEPP

The main results are very similar to those from undulators
with the following correspondences

Undulator Thomson Backscatter
Field Strength K a
Forward A= A El + K—zj A= /102 (1 + a—zj
Frequency 2y° 2 4y 2
Transverse Pattern  f*_ +cos6' 1+ cosé'

NB, be careful with the radiation pattern, it 1s the same at small
angles, but qulte a bit different at large angles
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~— Case III: Realistic Pulse Distribution at High aEJ—J—# ~

vrncoo / LEPP

Utilize two-timing approximation (i.e., the laser pulse 1s a
slowly varying sinusoid with amplitude a(¢)), and the
fundamental expressions for D, and D_, allows one to write
the energy distribution at any angle in terms of the Bessel

function expansions and a & integral over the modulation
amplitude. In the forward direction

dE 2 |
e 2 (F (al))sin’ o (@in(0 = 0)
dE,,., ¢€°

JodQ e 7/2<Eq (a(é‘)» cos’ ¢f > (w;nw(6 = 0))
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The “average” F', 1s
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and
2 2 2
w(0=0)=7 (1+2ﬂz) LA
l+a°/2 l+a°/2
/\/\F\C}: Y
Thomas Jefferson National Accelerator Facility i



— Brilliance CORNELL

CHESS / LEPP

The angular source size

2
o, = : \/(“—K /2): 4, A =c/nw(@=0)
2y niN 2L

1s now much bigger than for undulators because the L - 1s
much smaller. Solidly 1n “transition region” for most TS
sources of X-rays!

F
BO0:0)=——
( 72-) GTxO-Tx'O-TyGTy
2 _ 2 2, 2,1 ,272, 1 272 2 2 2
Op =0,+0,+a" +350. L +5¢°L Op =0.+0,
or =0 +0. +Lo P+ Lyl o =040
v — Yr y T12%y 36V Ty r' V'
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— Homework CORNELL

CHESS / LEPP

Solve the Hamilton-Jacobi1 Equation with the lab-frame
boundary conditions

x=y=0, z=pc as 1t —> -
x=y=0, z=fct as —>-©

Verify the Lorentz Transformation Formulas hold between this
solution and the beam-frame solution used in the lectures. With
this solution, verify Eqns. 3.9 by a lab-frame computation with
the standard formula from Jackson
CE fo’|7 e
n % n % —-n- I" C
dodQ  87’c j ( ,b’)e

9: USPAS 4t Generation Light Sources 1l Krafft/Bazarov 14 January 2003

Thomas J efferson Natlonal Accelerator Facility



— Homework CORNELL

CHESS / LEPP

Utilizing the fact that the delta-function in the retarded Green
function of the wave equation picks out

(—1(&)=R/c=(x—x()] +(— (&) +(z-=(&)) /e,

the Lorentz transformation formula for the coordinates, and the
beam-frame and lab-frame solutions to the Hamilton-Jacobi
Equation, demonstrate

R'=Ry(1- . cosb)

To Lorentz transform the field, this formula 1s needed

9: USPAS 4t Generation Light Sources 1l Krafft/Bazarov 14 January 2003

Thomas J efferson Natlonal Accelerator Facility




— Conclusions CORNELL ~

CHESS / LEPP

We’ve discussed how dipole solutions to the Maxwell Equations can be used
to obtain very general expressions for the spectral angular energy distributions
for Thomson Scattering photon sources

We’ve given an introduction to Thomson Scatter source radiation calculations
and a general formula for obtaining the spectral brilliance

By application of yesterday’s material, we’ve given how brilliance scales with
various beam parameters

The Thomson scatter resonance condition 1s

A, a’
14+ —
47 2

/1_

J
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