Solutions:

2.12.a. The specified transfer matrix can be written as either

Ms'+L,s'Ms',s or Ms',sMs+Ls
Ms'+Ls = Ms',sMs+L,sM;;
M. ,:[Mll MlZ](M (5)11 M (S)lzj[ Mgy, My,
ke M21 Mzz M (3)21 M (5)22 _M21 M11
:(Mll MlZ] M (5)11 M22 -M (5)12 M21 M (5)12 Mll_ M (5)11 M12
M, M, M (S)zl M22 -M (S)zz M21 M (S)zz Mll_ M (S)Zl M12
(MS'+L,S')11 = Mll(M (5)11 MZZ -M (5)12 MZl + M12 (M (5)21 M22 -M (5)22 MZl)
(MS‘+L,S')22 = MZl(M (5)12 Mll M (3)11 M12)+ M22 (M (S)zz Mll_ M (3)21 MlZ)

Tr(Ms'+L,s') =M (S)ll(Manz - Mlezl)+ M (5)22 (Manz - MlZMZl) = Tr(Ms+L,s)
Therefore, the phase advance of either single period unimodular matrix is the same.

2.12.h.
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Subtracting the common (constant!) term from both sides of the equation and dividing by

sin 41, gives
(a(s') ﬂ“'))]:MS.{“(S) ﬂ(s)JM_l

7(s7) —a(s -7(s) —a(s)) ™



2.12.c.

S s Ll )
Z[Mll Mlz](a(s)MZZ_ﬂ(s)MZl ﬂ(s) 11_05(5 zj
M.l =

M., 2 7(S)M22+0‘(S)le _a( )M11+7(S)M12
B(3") =My (B(s)My; —a(s)My, )+ My, (-a(s)My, +7(s)M,,)
a(s)=My(a(s)M,—B(s)My, )+ My, (=7 ()M, +a(s)M,,)

IB(S'): Mlzlﬂ(s)_ZMllMlza(S)+ M1227(S)
a(sl):_M11M21:3(5)+(M11M22+M12M21)0‘(5)_M12M227(5)
7(5') = Mzzlﬂ(s)_ZManza(s)"' M2227(5)

,B(s+ds)zﬁ(S)—ZdSa(S)—)CL—ﬁ:—Za(s)

S

a(5+05) = K (3)ds5(5) +a(5)~ds () > S = K (5) A(5) - #(5)
y(s+ds)z2K(s)dsa(s)+y(s)—>%=2K(s)a(s)

S
213a.M,. .M

/ [cosA/,z a(sh)sinAu.g | B(s") (s sin A, o

el

f?((ss)) [cosAu,., +a(s)sin A, | B(s") B(s)sin Ay,

g 1 {[Ha(s')a(s)]sin A/us',s} (s) B

B(s")B(s) |[a(s)—a(s)]|cosAu, (s') [COSAﬂ -a(s)sin A, |

[cosAy —a(s")sin Ap, ]




[ cos Au,. . COS AL
+a(8)sin At COS A,

B(s") +a($)C0S Aty . SiNApg.

B(s) | +a(s')a(s)sinAu,. . sin Au., +8in Ap,. . COSApy,
—[1+a(s")a(s)]sin Aug g sin Au —a(s")sin Ag,. . sin Ay,
_—[a(s')—a(s)}sin Atty. o COS Ay |
—[1+a (s')]sin Apt,.q cOS A, ]
+[0‘ ( )Joos A cos A, [+ a(s")a(s") JsinAug., sin A, |
[1+0‘(S (s")]sin A sin A ~[a(s")—a(s")|cos Aug. sin Ap
1 (s)[a(s ) (s") Jcos Aug. sin Ay, B(s) | c0s A COS A,

B(s")B(s) +[1+a (s)]cos Ap.g sin Aug., B(s") | —a(s")sin Au,. , cos Au,,
+la(s )—a(s)} COS ALy, o COS AL, —a(s')cos Au,. .. sin Au.
—a(s")[1+a(s')a(s)]sin Aug. sin Ap, | +ar(s")er(s")sin Aps o sin Apg,

|—a(s")[a(s")-a(s)]sinAu, , cosAu,, |
[ €0S Aptg. . COS AL, |
B(s") | +a(s)cos Auy. . sinAu. ﬁ(s")ﬁ(s)[COSA'US"‘S'Sin A }
B(S) | —sin Apg. . Sin Apg. +Sin Aptg. . COS A,
+a(s)Sin Ao COS A, |
[sin Au,. . COS A,
+a($")C0S A . COS Ay,
+a(S)Sin Aptg. o Sin Apg. [—sin Apg. . Sin A, 1
1 +a(s)a(s")cos Auy. o sin A, B(s) | ~a(s")cosAu,., sinAus.,

B(s") B(s) | +C0SApg. g sin Ap. B(s") | cosAu,. . COSAu.

—($)COS At . COS A, —a(8")sin Ay, cos A, |
—a(s")sin Apg. . SIN A,
| —a(s")e(s)sin Ay, cOSAu |

1

[l+a
B(s")A(s) {{a(s")—a

B(s") [cos(Ays.s + A, ) ]

B(S) | +a(s)sin(Apeo +Au,,)

a (s)]sin (A/us",s' + A ) }
s) ] cos(Aug e + A, )

COS Aptg. o SIN Api
+a(8')sin Ags. . sinAug.

B(s")A(s)

B(s") B(s)sin(Aueq +Au,,)

&[cos(Ayw + Aty )
B(s") | -a (s")sin (Aﬂs",s- + A:us',s)




[cosA,u +a(s)sin A, | B(s") B (s)sin Ay,

{[Ha a(s)]sin Ay, } B(s)
+[a(s")-a(s)]cos Ay, B(s")

= Ms”,s

[cosAu,. —ar(s")sin A, |
\/7 , :

2.13.b.
,b’

ll

(M), =B(s)B(s)sinAu,,
ﬂ(s)(Ms.vs)ll—oz(s)(Ms.vs)12 =B(s") B(s)cosAus.,

(Mslvs)lZ
,B(S)(Ms',s)ll _a(s)(MS'vS)lz

2.13.c. Let M, be the transfer matrix froms to s' and M, be the transfer matrix from s'
to s"

[cosAy +a(s)sin Ay, |

stanApg =

tan A, = (Ml)lz
TA(S) M), —a(s)(My),
tan A/us"s' — (M2)12

IB(S')(MZ)n_a(SI)(MZ)lz

and the phase advance from s to s" must satisfy

tan Ay = (M M ) =
B MM, —a(s)(MM,),,
(M), (M), +(M, ), (M),

B(3)((My ), (M), + (M), (M), ) = ar(s)((M2 ), (M), +(M.),, (M,),, )

But the tangent addition formula is
tan Ay o +tan Agg.

1- tanAy AtanApg.

tan (A,u AV )
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Therefore
(M2)11(M1)12 +(M2)1 (Ml)zz

tan (A/uss + A/us',s ) =

M) (M) + (Mo ) (V)o@ (5)( (M ) (V) + (M) (M)

=tan Ay

Now because we know both the sign of the numerator and denominator, the inverse
tangent function gives a unique solution in the principal branch. So

Aptg o+ At = A+ 27K for some k

Requiring the phase advance be a continuous function of s throughout its domain ensures
that k must be zero.



