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Covariance of Electrodynamics ww»

Electric charge a Lorentz invariant
Non-relativistic Lorentz Force
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b 2(U°E+ch|§)

_d0 .E
C

dr
U -E time component of a 4-vector —
E the time-space components of a 4-two tensor
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Continuity Equation

a'O+VJ 0
ot

can be written in the form

0,J°=0

where the current density 4-vector is

J/ = (Cp, j)

The continuity equation may indeed be frame covariant,

because the 4-density has zero 4-divergence! So assume
4-density Is a Lorentz 4-vector as above.
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4-potential

Recall

A= u,J g =L
o
but the wave operator J is a Lorentz invariant operator,

the same in any frame.

SOAM = (¢,CA)

must be a 4-vector, called the 4-potential. Have chosen
the units so the gradiant gives electric field units

A" = u,cd”

Is the iInhomogenous Maxwell Equation
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Antisymetric Field Strength

E-_9R vy B-vVxA
ot

F“ =0“A" — 0" A®
(0 -E, -E, -E,°
E 0 —CcB cB

X 7 y
Ey CBz O —CBX
\Ez _CBy CBX 0 )

Lorentz Force Equation becomes
dp“

— oF “U
dr a P
F,, is above matrix with E — —-E
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Maxwell’s Equations

Dual Tensor

Faﬁ = %8aﬂ§7 F&/

¢”**° and even permutations is 1, is -1 for odd permutations of 0123
(0 -cB, -cB, -cB,

X y

cap cB, 0 E, -E,

| cB, -E, 0 E,
cB, E, E, 0

Homogeneous Maxwell Equations
o F* =0

Inhomogeneous Maxwell Equations
0 F* =pu,cl”
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Transformation of EM Field

I
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=g _ X ox'? = o
ox° ox’
For specific case of an x-direction boost
E/=E, B,/ = B,
E, =y (E, - BcB,) B,=y(B,+ SE,/c)
E3’27/(E3+IBC82) Bé=7(53—ﬂEz/C)
B=vVxE

In other frames with relative velocity v
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Relativistic Spin Equation

I
N _ | ODU
Nonrelativistic spin precession equation
ds -
_ 8% =B
dt’ 2mc
(prime Indicates particle rest frame) should be
generalized to include relativistic motion. Create
spin 4-vector
S =(s°5)
whose components in the rest frame of the particle
are
s'* =(0,5)
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Suppose the particle moves with velocity # =V /c ODU
General Lorentz transformation (Eqgn. 11.19) gives
g0 =7(s°—ﬁ-§):iuasa =0—>S8°=4-§
s-5 -5+ V1 (5.8)5-15(5-5) -5 -1 (5-5)

p* 7/+1
From this equation it follows
B-5 _B-S

/4
so the inverse transformation is
"= yB -5 S=5+ (,B s)p

7+1

g Thomas Jefferson National Accelerator Facili N
.!effer%on Lab _ _ o @ @J‘C‘A

Physics 804 Electromagnetic Theory 1l



Spin Evolution W
Suppose the evolution linear in the EM field, spin ODU

variable, and only involves 1st derivative in time (does
not depend on acceleration), dS“ /dz can only involve

p
Fs,  (S,F*U, )u“ (sﬂ‘“J jua

dr

note
FU, (SzU ﬂ): (UiF“‘Uﬂ)S“ = 0, no others possible

ds* i} A oA du’).
= AFS, +—2(S,F*U,JU“ + 3(3/3 ju

2

dr C C dr
d sy 0 se Y ye B g
dr dr dr
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BMT Equation

dU
C(AL-A)U RS +(1+A)S, —£=0

dr

A1:A2 A3:_1

a a a B
ds” _ _ge {F“ﬂs .- (sﬂF“uﬂ)}—U (s du j

dr  2mc Fg? ¢l 77 dr
du® e Fou,
dr mc
dS* e | ¢ U“(g
= FS, + -1|(S,F*U
dr mc{Z p CZ(Z )(ﬂ “)}

contains Thomas precession
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