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Wave Guides: Surface Absorbtion {22
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Homogeneous Maxwell Equations imply
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Alternative Calculation

_ de§ _ 7 ﬁpar surface current for
A perfect conductor

2

g Thomas Jefferson National Accelerator Facili N
.!effer%on Lab o @ @J‘C‘A

Physics 804 Electromagnetic Theory 1l



Cylindrical Systems

ODU

____________________________________________________________________________

z-axlis along the cylinder direction

VxE=ioB V-B=0
VxB=—-iuck V-E=0
E
Vit uew®)d - =0
(v s uoo?)

E _ E(x,y)eiikz—wt E _ E(x’y)eiikz—a)t
.!effér%on Lab

Thomas Jefferson National Accelerator Facility

Physics 804 Electromagnetic Theory Il @ ::—:‘



W
ODU

“Transverse” Separation
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TEM Modes

Solutions with transverse field only

E — E Btem — Et,tem

t,tem

V, xE =0 V,-E, . =0

t,tem
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E.,mustsolve 2-D electrostatic problem
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Can there be a solution inside a single closed waveguide?
No, need at least two conductors. No cutoff frequency
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More General Case
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Transverse field expressible in terms of z-field only!
- j - . R
E = T KV E. - w:xV B, |
- i - . R
B = T KV B, + pewzxV E_|

Transverse Magnetic (TM)
B, =0;  Boundary Condition E_| =0

Transverse Electric (TE)

E_=0; Boundary Condition o8,
on |
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Waveguides
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Wave Impedance
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Eigenvalue Problem
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TM Waves

TE Waves

g Thomas Jefferson National Accelerator Facili 5 =
.!effer%on Lab o @ &JSA

Physics 804 Electromagnetic Theory 1l



Boundary Conditions
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v, =0 (TM) oy =0 (TE)

ns
Spectrum of eigenvalues and eigenfunctions

Y a Wz(x’J/)

Wavelength in mode A
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Cutoff Frequency
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No propagation at frequencies below cutoff

k: =,ug(a)2—a)j)

For single-mode propagation choose frequency to be above
cutoff for lowest mode and below cutoff for all other modes.
Phase velocity infinite at cutoff!
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Rectangular Waveguide

07 &
[8362 "oy szw -

oy

on

A a

=0 (TE)> vy, (x,y)= Acos(mﬂxjcos(mmj

S

g Thomas Jefferson National Accelerator Facili 5 =
.!effer%on Lab o @ &JSA

Physics 804 Electromagnetic Theory 1l



L_owest Mode
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Lowest TM mode has m and » one with a sin solution. Why?
Its cutoff for the lowest mode is at a frequency higher by

(1+ a’ /bz)l/2
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Energy Flow
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Energy and Group Velocity
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Attenuation

Field attenuation constant given by S,

P(z)=Pe
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Resonant Cavities

Put end conductors on a cylindrical waveguide. Example:
Cylindrical cavity of length 4 and radius R. In general, z
dependence Is

Asin (kz)+ B cos (kz)
Bcs—>k=p§, »=012,..
™
Ezzw(x,y)cos(ii—”j, p=012,...
TE
HZ:w(x,y)sin(Z—ﬂj, p=12,...
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Field Patterns
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Eigenvalue Equation
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O=w

du _
dt

Cavity Losses

Stored energy

both proportional to MZ
Power loss

0

U(t) =Uj,e ™'°

E(t)=
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Parallel Polarization
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Normal Incidence
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Mistakes from Last Time
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Energy Conservation at Normal Incidence
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Brewster’s Angle Calculation

n'> cosi, = n\/n’2 —n’sin’i,

n'*cos’i, =n’ (n’2 —n’sin’ iB)

2. 2 | 2 2 .
2_+nZJ_r\/n‘l—4n4COSZZBS|nZzB _tntEn (1—2003 ZB)

2c0s% i, 2c0s%i,

/

lBrewster

/
1 n
= tan ' —
n
Zero reflection in perpendicular polarization implies n’' = n
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Brewster’s Angle

If 11 = u' reflected parallel polarization amplitude vanishes
when incident at the Brewster angle

1 n
— tan ' —
n

[

Brewster

Reflected wave completely plane-polarized (polarization

perpendicular to plane of incidence) if mixed-polarization beam
Incident at Brewster angle.

/

=56° for L. 1.5

n

lBrewster

g Thomas Jefferson National Accelerator Facili N
J)effer%on Lab o @ %"‘C‘A

Physics 804 Electromagnetic Theory 1l



W
ODU

Total Internal Reflection

Examine Snell’s Law In case n > n’

, . n
n

For angles of incidence greater, there Is no transmitted wave
solution to attach to, only an exponentially damped solution. This
Implies total reflection, also called total internal reflection. Optical
communication systems are based on this phenomenon!
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Group Velocity

Until now, we have assumed that the relative permitivity and
permeability are independent of frequency. This may be far from
the case. Relaxing the requirement of constant phase velocity as a
function of frequency leads to more general wave phenomena.
Allow the frequency to depend on wavelength in 1 dimension:

u(x,t)= %j A (k)™M g

The function w(k) Is known as the “dispersion function”. A strictly
linear dispersion function, as we’ve had up to now, does not lead to
pulse spreading, or dispersion.

g Thomas Jefferson National Accelerator Facili N
J)effer%on Lab o @ %"‘C‘A

Physics 804 Electromagnetic Theory 1l



ODU

A (k) = Zu (x, O)e‘ikxdx

o (k)= o, da) w, = o (k)
il ko (deldk)|j~oq |t o
e (da)/dk)\
1)L Ak > dk
O e I

— ei[kO(dmdk)‘o_wo] U (x — (da) / dk)‘o t, O)

The pulse shape travels at the group velocity
dw
V, = —
dk
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Dispersion
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1 ikx—o (k)1

t)=—1| A(k dk
o(v0)= 5 [ Ak
Have exact calculation for modulated Gaussian function

u (x, O) = exp (—x2 [ 217 )eikox

A (k) = j u (x, O)e‘ikxdx
=~2x Lexp (—L2 / 2)(k —ky )

271 2
co(k)=v(1+ a2k ]
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Pulse Spreading, or Dispersion \Lid4
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dw
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Ax (1) = \/(Ax)z +(Av,r)
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Causality

ﬁ(}‘é,a)): g(a))E()'c’a))

Convolution Theorem (Fahltung Theorem) implies non-locality In
time.

o0

5(56',;):% B30k “do= | &(0)E(F0)e “do

—00

L[ e (@) fare B (x0)do
e o0

_ go{ﬁ(x,t)+ T G(T)E(x,t-f)df}

—0o0
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Green function for connection

G(r)= %i[e(w)/eo ~lle ™ dw

Damped oscillator connection

e(w)ley—1=w; (a)g ~ o’ —i]/a))_l

G(r)=wle " 20 g (7)
Vo

voz\/w§—72/4

Vanishes for negative z, cause cannot precede effect. Causal
Green’s functions must be analytic in upper %2 of complex plane.
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Kramers-Kronig Relations

e(w)le,—1= jG(f)ei”Tdr
0

Is automatically causal for a wide variety of choices for G.
Analyticity in UH-wP implies a relationship between real and
Imaginary part of the permitivity. Cauchy’s theorem for z inside a
closed curve C

e(z)le, =1+ . [ﬁg(a) ?/80_16160’
27 Y, o' -z

:1+L 5(&))/50—1dw,
27i ° @' —z

where the integral is now along the real axis
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Sum Rules
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Sum Rules for oscillator strengths

®, :1+%Pja) Ime(w)/ e,dw
0

Second Sum Rule

2

15 @
F!Reg(a))/a‘odw=1+ sz
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