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Spherical Waves
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VW + kY =0

Y= % Fim (r)YIm (‘9’¢)

2
{d 420 +k2—|(|rjl) f(r)=0

dr’ r dr
1
f (r):rlTul (r)
42 1 d 1+1/2) |
dr2+Fd_r+k2_( r2 ) fl(r):O

solutions are Bessel Functions of order | +1/2

g Thomas Jefferson National Accelerator Facili N
.!effer%on Lab o @ @J‘C‘A

Physics 804 Electromagnetic Theory 1l



Spherical Bessel and Hankel — qq¢pp
Functions ODU

A B
flm (r) — rl%“]lﬂ/z (kr)"'rl%an/z (kr)

h|(1,2) _ (Zﬂ—xj :J|+1/2 (kr)£iN,,,, (kl’)]

Index 1 usual for the usual outgoing scattered wave
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Some Examples
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In general

i (x) - <x>(xdxj(s‘ixj
i) (X) = - (~ X)(dej (cosxj

X
. sin X sin X e
Iy (x) = 555, 0y (1) = 225 ()=

. SIN X COS X COS X SIn X
i (x) = S - 2R, () =-S5

()= 1-1]
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Argument Limits

X <<1

i (x) - (2,+1)”[1+2(2X|+3)

(0 -

i 2(1-21)
X>>1

jl(x)—»-ish1(x——Uz/2)

jl(x)—>—~£cos(x——hz/2)

X
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1 .\I+1 €
i (x) = (=)
X
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Green Function Expansion
w (%)= .Z | ALN(kr)+ AZRZ (kr) Y, (6,4)

Incoming and outgoing waves
(VZ+Kk?)G (X, X)=-5(X-X')

|k\x—>?’\
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G(X,X')=
G (X,%')= Zg.(rr)v.m(e ' Vi (0.9)
{d2+2d+k2—|(|+1)}g|:——25(r—r’)

dr® r dr 2

g, (r,r")= Aj, (kr.)h; (kr.)
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Angular Momentum

I
ik|x—x'| ODU
© I I * Y
K= = |k§ iy (ke )b (kr )Y, (0, 8' )Y, (6,9)
1 O . o 1 o2
L?Y, (0,¢)=— 0 —— Y
m (6:9) Lin@ ae(sm 89j+sin26’ a¢2} "
=1(1+1)Y,, E=%—(FX§)
|
L, =L, +iL,
L =L, -iL,
R
0¢
r-L=0
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Applied to Spherical Harmonics \lid,
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LY, =+J(1=m)(1+m+1)Y,,

= \/(I +m)(l-m+1)Y,,

LY, =mY,.
L%L = LL?
LxL =il
L.V®=V°L
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