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Energy Conservation

Energy/volume involves (exterior) multiplication of E and D. The 
exact formula comes from the Maxwell Equations:

1 2 1 1 2 1 2 1
E J E H D E B H

V V V

d d
t t

ω ω ω ω ω ω ω ω∂ ∂⎛ ⎞ ⎛ ⎞∧ = ∧ − − + ∧⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠

⎡ ⎤

∫ ∫ ∫

( )1 1 1 2 1 2   E H E D H B
V V

d
t t

ω ω ω ω ω ω∂ ∂⎡ ⎤= − ∧ − ∧ + ∧⎢ ⎥∂ ∂⎣ ⎦∫ ∫
The RHS terms define the [1] Poynting (Energy Flux) form
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For linear materials have [2] energy density form
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In Vector Form

Energy Density (J/m3)
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Momentum Conservation

Momentum is a vector quantity. To describe momentum densities 
need (what could be more natural) vector valued forms. Mechanical 

t d li d t l d b l t ti fi ld imomentum delivered to a load by an electromagnetic field is
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Define the vector 3-form force density to be

V

E J B dxdydx
dt

ρ⎡ ⎤= + ×⎣ ⎦∫

Define the vector 3 form force density to be

E J B dx dy dzρ⎡ ⎤+ × ∧ ∧⎣ ⎦
r r r

Momentum Flux density must have nine components
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In free space
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Momentum change equation

( ) ( ) ( ) ( )2 2

fieldmech dpdp
dt dt

E E c B B E E c B B dx dy dzε

+ =

⎡ ⎤∇ + ∇ × ∇ × × ∇ × ∧ ∧⎣ ⎦∫

rr

r r r r r r r r r r r r

Physics 804 Electromagnetic Theory II

( ) ( ) ( ) ( )0
V

E E c B B E E c B B dx dy dzε ⎡ ⎤∇ ⋅ + ∇ ⋅ − × ∇ × − × ∇ × ∧ ∧⎣ ⎦∫



Maxwell Stress Tensor

Momentum in field
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Harmonic Poynting Theorem

Represent the (real) electromagnetic field as
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then define the complex Poynting vector
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and the complex electric and magnetic densities
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Real part of following equation gives energy conservation
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Transformation of E-M Fields

One of the limitations of conventional vector analysis is that scalars 
and pseudoscalars, vectors and axial vectors, etc., are not 
di ti i h d Thi di ti ti i li it i th f l ddistinguished. This distinction is explicit in the form language, and 
makes it straightforward to determine the transformation properties 
of different field quantities.
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Axial vector:
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Plane Electromagnetic Waves

If there are no sources in the Maxwell equations we must solve
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Get
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where n is the index of refraction
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where n is the index of refraction 



Energy and Energy Flux

Poynting vector for the solution is
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Note that the units are correct 


