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Momentum is a vector quantity. To describe momentum densities
need (what could be more natural) vector valued forms. Mechanical
momentum delivered to a load by an electromagnetic field 1s

Momentum Conservation

dﬁd%chzvj[pﬁ+jx I§]dxdydx

Define the vector 3-form force density to be

|:pE+jX I§]dX/\dy/\dZ

Momentum Flux density must have nine components

6T ¢ dx  ®dx' =& [T, dy A dz +T,,dz A dx + T,;dx A dy]

1) * jkl
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In free space

p=eV-E T-tUxB-s T
Ky ot
then
| E(V.E)+cB(V-B)
pE+TxBoe| | (q 4) q( #)4 e, Z(ExE)
~Ex(VxE)-c’Bx(VxB) ot
Momentum change equation
Precn , APriets _
dt dt
EOI[E(§-E)+C2I§(§-I§)—Ex(ﬁxE)—Czl?:x(ﬁxq)}dX/\dy/\dZ

\Y%
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Maxwell Stress Tensor

Momentum 1n field

_ l 2 5
P i :C—z\!Edexdydz

Stress Tensor

2 l = = 2B B
T, =EO[EiEj+C BiBj—E(E-EJrC B-B)s; | =
E.E, +c’B,B, EE +c’B,B, EE,+c’B,B, = e[t 0o
_|_
¢| E,E, +¢*B,B, E,E, +c’BB, EE,+c’B,B, —‘9—0[ # q} 0 1 0
2(c’B-B
E,E, +c’B,B, E,E +c’B,B, E,E,+c’B,B, 0 0 1
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Harmonic Poynting Theorem

Represent the (real) electromagnetic field as
= (3 = (g —iw _1 = (g —iw =% /= iw
E(X,t):Re(E(X)e t)_E[E(x)e "+ E"(X)e ‘]

J(%,0)E (%,t) = 2Re[ 7 (%)-E (%) + I () E (x)e™" ]
(TR0 E(RD), e =5 RE[T () E ()]

then define the complex Poynting vector

- 1,/,= =
SZE(EXH)
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and the complex electric and magnetic densities

Real part of following equation gives energy conservation

%j(j*-E)d3x+2iw_[(we,—Wma)d3x+[ﬁ§-nda:0
\Y \ S
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One of the limitations of conventional vector analysis 1s that scalars
and pseudoscalars, vectors and axial vectors, etc., are not
distinguished. This distinction 1s explicit in the form language, and
makes 1t straightforward to determine the transformation properties
of different field quantities.

Transformation of E-M Fields

Ordinary vector:

Axial vector:
X'==-X,y'=-vy,2' =-12
oy = o > B'(-X,t)=B(X,t)
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Plane Electromagnetic Waves
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If there are no sources in the Maxwell equations we must solve
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For a harmonic time dependence B, E oc '

V-B=0 VxE—-iwB =0
V-E=0 VxB+ioucE =
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Get

Faraday’s Law implies

- kxE, nAxE ok
Bo — 0 _ 0 A= —
v K
where n 1s the index of refraction
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Energy and Energy Flux

Poynting vector for the solution 1s

S-LlexA =D |E[fn=L ZIE,[
2 2uc 2\ u
Energy Density
1] = =« 1 5 = Elz |2
u=—|¢E-E"+—B-B" |=Z|E,]
4 u 2

Consistency

—

k‘:cu/n
Note that the units are correct
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Stress Tensor for Plane Wave {922
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Assume free-space conditions and align z-axis with K

3 1 0 0

2 2 2 E +
¢&| E,E, +c’B,B, EE +c’BB, EE,+c’BB éj 0 1 0
E,E, +c’B,B, EE, +c’B,B, E,E,+cB,B c 0 0 1

y
(1 0 0 1 0 0) 0 0
Eole |2
:7\EO\ 0 1 o|]-|0 1 ofl=-=2|E,[ o0 0
0 1

E,E,+c’B,B, E,E, +c’B,B, EXEZ+CzBB}
0

0

oo 0) (o0 1) 0

Does this answer make sense?

Radiation Pressure 1n free space (force directed in the z-direction!)
Eole I
—|E,|

; Thomas Jefferson National Accelerator Facili S0 —JSA
Jeffergon Lab . . ¥ @ &.
b ysics 804 Electromagnetic Theory II



W
ODU

Polarization VVariables

Formula

— — . —

k -E,=0—> k-e“E, =0, V6

Allows for potential phase shift between transverse “vector”
components of the wave. As there are two distinct directions
normal to k and two potential phases, a complete description of
the radiation (including the overall wave phase) involves 4
quantities, the Stokes parameters. They can be thought of as the
amplitudes and phases in the two directions. They depend on the
polarization basis chosen

—

Let the two (real) unit vectors normal to K be & and €, such

that -
K =€ x§€,
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L_inear Polarization Basis

No phase difference between two components
E(X.t)=[6E, +6E,Je""

If E, and E, purely real

E|=E’+E;
E-field direction of a snapshot is constant in space. Polarization
direction angle 1s

E
tan ' —%

1
with respect to the coordinates specified by the basis vectors.
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Circular Polarization Basis

Phase difference of +11/2 = 1 between two components
E(x.t)=[e,E. +e E ] & =
If E, and E_ purely real

| R
ﬁ(e1 * i€, )

E|=EI+E’
but E-field direction of a snapshot rotates in space. Polarization 1s
elliptical and field rotates with a handedness depending on whether

E\|<|E)| or [E|>]E,]

with respect to the coordinates specified by the basis vectors.
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General Wave Field

. s s iR
E(X,t)=|6ae” + ezaze'52]e'( e

The Stokes parameters are

= 2.l gl > >
sO:‘eI-E‘ +‘e2-E‘ =a, +a,
= 27 |1z gl > >
slz‘el-E‘ —‘ez-E‘ =a, —a,

s, =2Re (él-E) é’z-E) =2a,a, cos(J, - J,)

s, =21Im (él-E) §2-I§) =2a,a, cos(J, - J,)
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In Circular Basis

i(lz-)?—a)t)

E(x,t)=|6,ae” +8ae” |e

The Stokes parameters are

Generally
2 a2 2 2
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Reflection/Refraction
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At the boundary between two media of index of refraction n and n'
must have continuity of field:

Incident:

Refracted:
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E (%,t) = E,e'
I§(5(',t): NYE; k‘E‘E
E'(%,t)= Ege'
I§()_(’,t): Ju'e' K E’E
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Reflected:

Magnitudes:

Must have:
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i(lz-)_(’—a)t)

£ (%,t) = Eje

B(X t) \/,ugk xE

k’l
K|=|K"|=k = o+ ue
K'l=k'=wJu'e'
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And so
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Snell’s Law

ksini=k'sinr =k""sinr’
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