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First Principles Expansion

( ) ( )

( ) ( ) ( ) ( )

2 , 4
1

xG x x x xπδ

δ δ δ φ φ δ θ θ

′ ′∇ = − −

′ ′ ′ ′

r r r r

r r( ) ( ) ( ) ( )

( ) ( ) ( )

2

*

cos cos

1 l

l l

x x r r
r

r r Y Y

δ δ δ φ φ δ θ θ

δ θ φ θ φ
∞

′ ′ ′ ′− = − − −

′ ′ ′= − ∑ ∑( ) ( ) ( )2
0

, ,

Now

lm lm
l m l

l

r r Y Y
r

δ θ φ θ φ
= =−
∑ ∑

( ) ( ) ( )

( ) ( ) ( )
0

*

, | , , ,

|

l

lm lm
l m l

G x x A r r Y

A Y

θ φ θ φ

θ φ θ φ

∞

= =−

′ ′ ′ ′=

′ ′ ′ ′ ′ ′

∑ ∑r r

( ) ( ) ( )

( )( ) ( ) ( ) ( )
2

2 2 2

| , , , ,

11 4, ,

lm l lm

l l

A r r g r r Y

l ld rg r r g r r r r
d

θ φ θ φ

π δ

′ ′ ′ ′ ′ ′=

+
′ ′ ′− = − −

Physics 604 Electromagnetic Theory I

( )( ) ( ) ( )2 2 2, ,l lg g
r dr r r



( )1ll⎧
( )

( )

( )

1

1

       
,

      

ll

l ll

Ar Br r r
g r r

A r B r r r

− +

− +

⎧ ′+ <⎪′ = ⎨
′ ′ ′+ >⎪⎩

2 1

inside shell
l

l aA r r r
+⎧ ⎛ ⎞

′− <⎪ ⎜ ⎟
( )

( )

1

1

         
,

l

l l
l

A r r r
r

g r r
rB r r r

+

− +

− <⎪ ⎜ ⎟
⎪ ⎝ ⎠′ = ⎨

⎛ ⎞⎪ ′ ′>⎜ ⎟⎪
( )

( )

2 1

2 1

     

1

l

ll
l

B r r r
b

raC

+

+
>

− >⎜ ⎟⎪ ⎝ ⎠⎩
⎛ ⎞ ⎛ ⎞

′ ⎜ ⎟ ⎜ ⎟( ) 1 1 2 1, l
l l l lg r r C r

r r b

d rg

>
< + + +

< >

′ = − −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

( ) ( ) 4dr r rg r r π⎧ ⎫ ⎧ ⎫′ ′⎡ ⎤ ⎡ ⎤⎨ ⎬ ⎨ ⎬⎣ ⎦ ⎣ ⎦

Physics 604 Electromagnetic Theory I

rg
dr

( ) ( ), ,l l
r r

r r rg r r
dr rε ε′ ′+ −

− = −⎡ ⎤ ⎡ ⎤⎨ ⎬ ⎨ ⎬⎣ ⎦ ⎣ ⎦ ′⎩ ⎭ ⎩ ⎭



( )
2 1 1

1 2 1

1,
l l

l
l l l l

r

d a d rrg r r C r
dr r dr r bε

+ +

+ +
′+

⎧ ⎫⎛ ⎞ ⎛ ⎞⎪ ⎪⎧ ⎫′ ′= − −⎡ ⎤⎨ ⎬ ⎨ ⎬⎜ ⎟ ⎜ ⎟⎣ ⎦ ′⎩ ⎭ ⎪ ⎪⎝ ⎠ ⎝ ⎠⎩ ⎭

( )
2 12 1

2 11 1
ll

l

C a rl l
r r b

++

+

⎛ ⎞′⎛ ⎞ ⎛ ⎞= − − + +⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟′ ′ ⎝ ⎠⎝ ⎠ ⎝ ⎠
⎛ ⎞

( )
2 1 2 1

2 1, 1 1
l l

l l
r

d C a rrg r r l l
dr r r bε

+ +

+
′+

⎛ ⎞ ′⎛ ⎞⎧ ⎫ ⎛ ⎞′ = + + −⎡ ⎤ ⎜ ⎟⎨ ⎬ ⎜⎜ ⎟⎣ ⎦ ⎜ ⎟′ ′⎩ ⎭ ⎝ ⎠ ⎝ ⎠⎝ ⎠
4

⎟

( )
2 1

4

2 1 1
l

C
al
b

π
+

∴ =
⎡ ⎤⎛ ⎞+ −⎢ ⎥⎜ ⎟

⎝ ⎠⎢ ⎥⎣ ⎦

( ) ( ) ( )

( )

* 2 1

1 1 2 12 1
0

, , 1, 4
2 1 1

lll
lm lm l

D l l ll
l m l

Y Y raG x x r
r r bal

θ φ θ φ
π

+∞
>

< + + ++
= =− < >

⎢ ⎥⎣ ⎦
′ ′ ⎛ ⎞ ⎛ ⎞

′ = − −⎜ ⎟ ⎜ ⎟⎡ ⎤ ⎝ ⎠ ⎝ ⎠⎛ ⎞+ −⎢ ⎥⎜ ⎟

∑ ∑r r

Physics 604 Electromagnetic Theory I

( )2 1 1l
b

+ −⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦



Charged Ring in Sphere
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 yields previous resultb → ∞



Green Function Cylindrical Coords.
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Eigenfunction Expansions
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