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Expansions over Sphere ey

5(0.6)=3 Y Ao (6.9)

=0 m=-—1

An = [dQY, (6.4)9(0.)
on the z-axis (6 =0)

[0(0.0)]= 3\ As

A, = ,/zi:;ldePl (cos@)g(6,¢)

General Solution for Laplace Equation

©(r.0.)= 3 3 | Ar'+ B ¥, (6.9)

=0 m |
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Addition Theorem Wy
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P (cosy)=
'( 7/) 21 +1 7=,
where cosy =cos@cosf'+sinésinf'cos(g—g¢')
Proof: Because it is a function of (6’ ¢)

P(c057) =% Y. A (6/:6)%, (619)

=0 m'=-1I'

- A (6,9")= deP, (cosd)Y,. (6,¢)

V'?P, (cosy )+ I(Irjl) P, (cosy)=0

P (cos ) Z. A (0, ¢)Y,, (6,4)
Ay (60',¢")= [dQP, (cosd)Y,, (6.4)
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AL (09 = =Y (007, 8).6 (7. 8))]

alternate expression
P (cosy)="P (cos@) P (cosé’)

+22 (I+m)P (cos@)P" (cos@")cos| m(¢—¢")]

Sum Rule

m=—I - A
General Spherical Expansion

~4r% 3 Y (02 (0.9)
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Laplace Equation: Cylindrical Coods“'"
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Bessel Functions

Z(z)=e"
Q (¢) _ ptivd

Solutions of the radial equation called Bessel Functions

R(x)= x“i ajxj
j=0

a —V
—_ a

. _(D)'r(a+1)
2T (j+a+l)

Jv(x)=(§jvio j!r((;i)uj/fl)(gjzj_
Jv(x)=(§jvi ,-!rgl_)im(gj |

Thomas Jefferson National Accelerator Facility
Physics 604 Electromagnetic Theory |

W
ODU

@&



First Kind integer order

1 ()= (1), (x)

N, (x) = J (x)co§wz -J_, (x)
sinvr
Hankel Functions

HW(x)=1J,(x)+iN, (x)

H!? (x) =13, (x)=iN, (x)
Recurrence Formulas

Q. (x)+Q, ., (x)= ZTVQV (x)

2v dQ (X
Qv—l(x)_QvH(X): X C‘I/X( )
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Limiting Behavior
X <<1 \L(X)_)F(:;l)(;j

E{m(ﬁ}o.w?z---] v =0
T 2

—F(V)(ZJ/ v #0

7T X

NV(X)—><

.

JV(x)—>,ﬁg—cos£x—)ﬁz—7zj

7T X 2 4

Nv(x)—>‘ﬁg—ﬂn(x—)ﬁz—7zj
7T X 2 4
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Zeros
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J,(x,)=0 (n=1,2,3,)

v =0 Xo, = 2.405,5.520, 8.654,...

v =1 Xo, =3.832,7.016,10.173,...
XOn

v =2 =5.136,8.417,11.620,...

X,, ~ n7z+(v—1/2)%
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