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Chapter 3: 3 D Electrostatics
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« Laplacian separates in spherical coordinates
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Generalized Legendre Equation %22

define another separation constant I (1 +1) to
deal with the radial dependence
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d’u  I(l1+1)
7 2 U =
dr r
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1 (sin&’d—Pj 1(1+1) - P -0
sin@ dé do sin‘ @

solution for radial dependence
U(r)=Ar"+Br"
let X = cos @ to convert the & equation to the
generalized Legendre equation
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Azimuthally Symmetrical Solutions $4922
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for m* = 0, must solve

d dP

— | (1-X +1(1+1)P =0
@)+ 10+)
power series solutions

P(x)= x“i ajxj
j=0

JZ;(a +j)(a+j-1)ax —i{(a e j+1)}a x4 =0

j=0
a, 20> a(a-1)=0
a,#0 > a(a+1)=0
(a+ j)(a+j+1)-1(1+1)
(a+ j+1)(a+j+2) %
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_egendre Polynomials
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for finite solution throughout [-1,1] series must
terminate after finite number of terms. Highest power

for solution corresponding to | is I. Normalize to have
unit value at x =1.

P, (x)=1
P(x):x

P, (x)== (3x — )
P,(x)== (5x - 3x)
P, (x) == (35x ~30x2+3) P (x )_2,1“;): (x?-1)
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Orthonormal Basis on [-1,1]

jP,,(x){;—X{(l . )ZHHUH)p( )}dx—
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H(XZ_QO‘P dP'( O+ 1(1+1)P, (X)P (X )}dx_o
.-.[|(|+1)—|'(|'+1)]_jlpl,(x)P,(x)dx=o

- I =1’ the integral vanishes. Value when | =1"?

_ [ o2 1 (d oo, d' o, !
N, =I1P| (x)dx = 22|(||)2jdxl (X _1) W(X _1) ax
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(-1 j 1) 9 (e -1) ax = 2! [ (- o
I DR 27 (1)
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21 -1 (21-1)! :
= N 22I(II)led[(l—x )de

:ENH—%NI - (21 +1)N, = (21 -1)N,

N, = 2 orthonormal basis is U, (x) =,/ 2 P (X)
21 +1 21 +1
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_egendre Function Expansions
F(1)=3 AR ()
2| +1J‘ f ( )P( )

example
f(x)=+1 x>0

=-1 x<0

2'” jp( )dx—J'P( ) dx
| odd

A = (2l +1)} P, (x)dx
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Recurrence Formulas

I
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* Recurrence formula plus Arfken result gives
(1-1)/2 AT
A|=(—%) (21 +1)(1-2)N f(x)=§P1—%P3+%P5+---

{5

* Recurrence formulas (from Rodriguez and diff equ.)

P %P (215:1)R = 0

dx dx
(I1+1)P,,—(21+1)xP +IR_, =0
Pt 9% 141)p =0

dx dx
(x? —1)ﬁ— IXP, +IP_, =0

dx
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|, = jlel (x)P, (x)dx = 2|1+1i1 P () (1+1) P, (x)+1P_, (x) Jdx
2(1+1) ,
Qi+
= 2|
@@y T
ey
1 21 +1)(21 +3)(21 +5
Izz_jlxzp'(x)P"(X)dXﬂ 21(21% + 21 -1) |
(21-1)(21+1)(21+3) "=
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Rodriguez Derivation

1

21+1 d'*! (X2 _1)|

A =(2I+1)_(‘)1'P,(x)dx: T

0
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21 +1 d'? |
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0
The only 1 that matters because evaluate at 0

2(1-1)=1-1—i=(1+1)/2
oo 2t (0" -1 (_ij“”“ (21+1)(1-1)!
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Recurrence Derivation

d 1 d* , , .y d 1 d=t , ,
dx 2" (1 +1)! dx' " _1) ~ dx 21 (1 1)t dx'? (X _1)

1 d|+1 | 1 dl |_1
= smraer X7 ) |- 2 (1-1)! dx’ (x*-1)

1 d'rT : 1 d' _
= g (Y + 2 (¢ -1) 1} T2 -1y dx! (x*-1)
1 d'T 47 20+1d!
= 2I|!dx| _(Xz_l)l +2|(X2_1)(X2_1)| 1:|: ZI—:_I dXI (Xz—l)I
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