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Transverse Beam Stability

Ensured by proper shaping of the magnetic field in the betatron
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Ensured by proper shaping of the magnetic field in the betatron



Relativistic Equations of Motion
Standard Cylindrical Coordinates

z
( )v v 0!!d q dB γ
×

r rr

θ r
θ̂

y
( )v      0!!q B

dt m dt
γ

γ
= × =

2 2 2r x y= +θ
r̂x
                     
             cos      sin

ˆˆ ˆ ˆ ˆ ˆi i

r x y
x r y rθ θ

θ θ θ θ θ

= +
= =

ˆ ˆ ˆ ˆ ˆcos sin      sin cos
ˆˆ        v v        v vr

r x y x y

r r rθ

θ θ θ θ θ

θ θ

= + = − +

= ⋅ = = ⋅ =
r r && θ

( )v ˆˆv vr
d d r
dt dt θθ= +
r ˆˆ /

ˆ
dr dt θθ= &

&

Physics 417/517 Introduction to Particle Accelerator Physics  9/4/2007

( )dt dt ˆ ˆ/d dt rθ θ= − &



Cylindrical Equations of Motion
In components

( )2 vq qr r B r Bθ θ− = × =
rr& &&& ( )

( ) ( )

  v

2 v

zr
r r B r B

m m
q qr r B B rB

θ θ
γ γ

θ θ

= × =

+ ×
rr&& && &&( ) ( )

( )

2 v r z
q qr r B zB rB
m m

q qB B

θ
θ θ

γ γ

θ

+ = × = −

rr &&& ( )       v rz

q qz B r B
m m

θ
γ γ

= × = −
r

&&

Zero’th order solutionZero th order solution
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Magnetic Field Near Orbit
Get cyclotron frequency again, as should
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Magnetic field near equilibrium orbit
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Field Index
Magnetic Field completely specified by its z-component on the 
mid-plane
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Power Law model for fall-offPower Law model for fall-off
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The constant n describing the falloff is called the field index
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Linearized Equations of Motion
Assume particle orbit “close to” or “nearby” the unperturbed orbit
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“Weak” Focusing

For small deviations from the unperturbed circular orbit the 
transverse deviations solve the (driven!) harmonic oscillator 
equations

( ) 21 c cr n r constδ δ+ − Ω = Ω&&

2        0cz n zδ δ+ Ω =&&

The small deviations oscillate with a frequency n1/2Ω in theThe small deviations oscillate with a frequency n Ωc in the 
vertical direction and (1 – n)1/2 Ωc in the radial direction. 
Focusing by magnetic field shaping of this sort is called Weak 
F i Thi h d h i h d f f i iFocusing. This method was the primary method of focusing in 
accelerators up until the mid 1950s, and is still occasionally 
used today.
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Stability of Transverse Oscillations

• For long term stability, the field index must satisfy

0 1n< <

because only then do the transverse oscillations remain 
bounded for all time. Because transverse oscillations in 
accelerators were theoretically studied by Kerst and Serber y y
(Physical Review, 60, 53 (1941)) for the first time in 
betatrons, transverse oscillations in accelerators are known 
generically as betatron oscillations Typically n was aboutgenerically as betatron oscillations. Typically n was about 
0.6 in betatrons.
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Physical Source of Focusing

0 n<

Br changes sign as go 
through mid-plane. Bz

k i
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weaker as r increases

1n <

Bending on a circular orbit is naturally focusing in the bend 
direction (why?!), and accounts for the 1 in 1 – n. Magneticdirection (why?!), and accounts for the 1 in 1 n. Magnetic 
field gradient that causes focusing in z causes defocusing in 
r, essentially because                              . For n > 1, the 
defocusing wins out
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defocusing wins out.



First Look at Dispersion

Newton’s Prism Experiment
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Dispersion units: m
Bend Magnet as Energy Spectrometer
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Bend magnet
Low energy



Dispersion for Betatron
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Evaluate the constant

( ) 21 c cr n r constδ δ+ − Ω = Ω&&

For a time independent solution (orbit at larger radius)r Rδ ∆For a time independent solution                      (orbit at larger radius) 
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General Betatron Oscillation equations
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