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Area Theorem for Linear Optics
Under a general linear transformation
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an ellipse is transformed into another ellipse. Furthermore, if 
det (M) = 1, the area of the ellipse after the transformation is 
the same as that before the transformation.

Pf: Let the initial ellipse, normalized as above, be
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Because
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The transformed ellipse is
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Because (verify!)
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the area of the transformed ellipse (divided by π) is, by Eqn. (1) 
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Phase Advance of a Unimodular Matrix
Any two-by-two unimodular (Det (M) = 1) matrix with 
|Tr M| < 2 can be written in the form
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The phase advance of the matrix, µ, gives the eigenvalues of the 
matrix λ = e±iµ, and cos µ = (Tr M)/2. Furthermore βγ–α2=1

Pf: The equation for the eigenvalues of M is
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Because M is real, both λ and λ* are solutions of the 
quadratic. Because

( ) ( )( )22/Tr1
2

Tr MiM
−±=λ

For |Tr M| < 2, λ λ* =1 and so λ1,2 = e±iµ. Consequently cos µ
= (Tr M)/2. Now the following matrix is trace-free.
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Simply choose
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and the sign of µ to properly match the individual matrix 
elements with β > 0. It is easily verified that βγ – α2 = 1. Now
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and more generally
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