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Mahzad’s Question

Recall the transfer for the ¼ turn is
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The area is easily computed to be
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Eqn. (1)

So the equation is equivalently

εβαγ =++ 22 2 yxyx
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When normalized in this manner, the equation coefficients 
clearly satisfy

12 =−αβγ

Example: the defining equation for the upright ellipse may be 
rewritten in following suggestive way
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,max βε== ax γε== bymaxβ = a/b and γ = b/a,   note
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General Tilted Ellipse
y

Needs 3 parameters for a complete
description. One way

x

b

a

where s is a slope parameter, a is the maximum
extent in the x-direction, and the y-intercept occurs at ±b, and again 
ε is the area of the ellipse divided by π
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Identify
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Note that βγ – α2 = 1 automatically, and that the equation for 
ellipse becomes

( ) βεαβ =++ 22 xyx

by eliminating the (redundant!) parameter γ
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Ellipse Dimensions in the β-function 
Description

As for the upright ellipse γε=maxy,max βε=x
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Wille: page 81
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Area Theorem for Linear Optics
Under a general linear transformation
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an ellipse is transformed into another ellipse. Furthermore, if 
det (M) = 1, the area of the ellipse after the transformation is 
the same as that before the transformation.

Pf: Let the initial ellipse, normalized as above, be
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Because
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Because (verify!)
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the area of the transformed ellipse (divided by π) is, by Eqn. (1) 
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Tilted ellipse from the upright ellipse
In the tilted ellipse the y-coordinate is raised by the slope with 
respect to the un-tilted ellipse
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Because det (M)=1, the tilted ellipse has the same area as the 
upright ellipse, i.e., ε = ε0.
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