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Correction from last time AAld4
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Linearized

Si_ RQi _ 5rQi B 2RQC59 Forgot this term!
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RSO +267Q = 57Q_ — RSO+ 5rQ_ = const
¥ +(1-n)Qlor =Q,(R66+6rQ, )

RSO +6rQ, = const
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“Weak” Focusing uw»
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For small deviations from the unperturbed circular orbit the
transverse deviations solve the (driven!) harmonic oscillator
equations

67 +(1-n)Q.6r =Q const
57 +nQ’5z=0

The small deviations oscillate with a frequency n'2Q_ in the
vertical direction and (1 — n)!'? Q_ in the radial direction.
Focusing by magnetic field shaping of this sort is called Weak
Focusing. This method was the primary method of focusing in
accelerators up until the mid 1950s, and is still occasionally
used today.
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Stability of Transverse Oscillations w»
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« For long term stability, the field index must satisfy

O<n<l

because only then do the transverse oscillations remain
bounded for all time. Because transverse oscillations in
accelerators were theoretically studied by Kerst and Serber
(Physical Review, 60, 53 (1941)) for the first time in
betatrons, transverse oscillations in accelerators are known
generically as betatron oscillations. Typically #» was about
0.6 1n betatrons.
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Physical Source of Focusing uw»
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0O<n
/ﬁ B, changes sign as go
\M through mid-plane. B,
weaker as 7 increases

n<l

Bending on a circular orbit is naturally focusing in the bend
direction (why?!), and accounts for the 1 in 1 — n. Magnetic
field gradient that causes focusing in z causes defocusing in
r, essentially because 0B, /0r=0B./0z . Forn> 1, the
defocusing wins out.
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First Look at Dispersion AAddg
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Newton’s Prism Experiment

A
N screen Ax=D 2P
P
violet
i re A
prism d Ax = 7 ap
P

Dispersion units: m
Bend Magnet as Energy Spectrometer
position sensitive

material

High energy

Low energy

Bend magnet
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Dispersion for Betatron uw»
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Radial Equilibrium
BC‘
R = _ L

eB/ym eB

Linearized

(R+AR)(B, +AB) =22 < RB, + RAB + ARB,

e
A —nARB, + ARB, = (1-n)ARB,
e
Ap AR R
—=(l-n)——>D
p ( n) R — radial — (1_n)
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Evaluate the constant AAld4
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57 +(1—n) Q’6r = Q _const
For a time independent solution o7 = AR (orbit at larger radius)
(1-n) Q’AR = Q const
Ap

const =(1-n)QQ D
(1-n)2, .

radial

Ap -QRYL
p

General Betatron Oscillation equations
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or + (1 n)Q2§r =Q°R—L P
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Oz + nQiﬁz =(
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No Longitudinal Focusing
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Classical Microtron: Veksler (1945) N
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Basic Principles nw
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For the geometry given

LGMY) e[ F+vx ]
dt
dymv,) =ev B,
dt g
d
(ymv,) =—ev_ B,
dt
d’ Q? d’v. Q2
Ty, =0 e, =0
=y I

For each orbit, separately, and exactly

v (£)=-v,cos(Qit/y) v (1) =v,sin(Qt/y)

Wi _ Wio
- — = X
x(t) = — —=sin (Q t/]/) y(t) cos(!l t/;/)
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Non-relativistic cyclotron frequency: Q. =2nf =eB_/m ODU
Relativistic cyclotron frequency: Q. /y
Bend radius of each orbit is: O, =YV, ! Q —=>yclQ,

In a conventional cyclotron, the particles move in a circular orbit that
grows in size with energy, but where the relatively heavy particles stay
in resonance with the RF, which drives the accelerating DEEs at the
non-relativistic cyclotron frequency. By contrast, a microtron uses the
“other side” of the cyclotron frequency formula. The cyclotron
frequency decreases, proportional to energy, and the beam orbit radius
increases in each orbit by precisely the amount which leads to arrival of
the particles in the succeeding orbits precisely in phase.
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Microtron Resonance Condition

Must have that the bunch pattern repeat in time. This condition
1s only possible if the time it takes to go around each orbit is
precisely an integral number of RF periods

71=ﬂ—f6 A7=v—f0
f RF f RF
Each Subsequent
First Orbit :
Orbit
For classical microtron y =1ty /.
. . 1~
assume can inject so that RE
/e 1
Srr H =V
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Parameter Choices W”
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The energy gain in each pass must be identical for this resonance to be
achieved, because once f/f,.1s chosen, Ay is fixed. Because the energy gain of
non-relativistic ions from an RF cavity IS energy dependent, there is no way
(presently!) to make a classical microtron for ions. For the same reason, in
electron microtrons one would like the electrons close to relativistic after the
first acceleration step. Concern about injection conditions which, as here in the
microtron case, will be a recurring theme in examples!

2mc
fc/fRF:BZ/BO BO: ﬂ«
e

B,=0.107T =1.07kG@10cm

Notice that this field strength is NOT state-of-the-art, and that one normally
chooses the magnetic field to be around this value. High frequency RF is
expensive too!
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Classical Microtron Possibilities

Assumption: Beam injected at low energy and energy gain is the same for each pa@
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1 1/2 1/3 1/4
WV VLAY | 1,V 7 Ay | W, v, Yy, Ay | 1LV, y, Ay
2,1,2,1 3,1, 3/2, 4,1, 4/3, 5,1, 5/4,
1 1 1
3,2,3,2 4,2,2,2 5,2,5/3, 0, 2, 3/2,
2 2
4,3,4,3 5,3,5/2,3 6,3,2,3 7,3, 7/4,
3
5,4,5,4 6,4,3,4 7,4, 7/3, 8,4,2,4
: ; A : :
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For same microtron magnet, no advantage to higher #; RF is more expensive ODU
because energy per pass needs to be higher

Extraction
X Magnetic
Field
Y
. X -3
RF Cavity H=
V=2
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Going along diagonal changes W’
To deal with lower frequenciesf!:)@g]ggag)gay ODU

Extraction
X Magnetic
Field
X _
RF Cavity n=4
v=2
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Phase Stability uw

Invented independently by Veksler (for microtrons!) and McMillan ODU

V@)

A
A 4

(,U"'(l_l)'v)/fRF

R AT e
J f

1/ S [

Electrons arriving EARLY get more energy, have a longer path, and arrive
later on the next pass. Extremely important discovery in accelerator
physics. McMillan used same idea to design first electron synchrotron.
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