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Acceleration of non-relativistic particles
For microtron, racetrack microtron and other polytrons, 
electron speed is at the speed of light. For non-relativistic 
particles the recirculation time also depends on the longitudinal 
velocity vz = βzc.

3

56 56
2

                       /
1           

                         
1

 

recirc z

z
z z z

z

recirc z

t L c
L p Lt
p c c

p mc
M Mt p p p

t L p L p p

β

β
β β β

γ β
β
β γ

=
∂ ∆ ∂

∆ = + ∆
∂ ∂

∆ = ∆
∆∆ ∆ ∆ ∆

= − = −



Physics 417/517 Introduction to Particle Accelerator Physics  10/23/2007
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Transition Energy: Energy at which the change in the once 
around time becomes independent of momentum (energy)
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No Phase Focusing at this energy!
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Equation for Synchrotron Oscillations
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Assume momentum slowly changing (adiabatic acceleration) 
Phase advance per turn is
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So change in phase per unit time is
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yielding synchrotron oscillations with frequency
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where the harmonic number h = L / βz λ, gives the integer 
number of RF oscillations in one turn
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Phase Stable Acceleration
At energies below transition, ηc > 0. To achieve acceleration 
with phase stability need 0sφ <
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At energies above transition, ηc < 0, which corresponds to the 
case we’re used to from electrons. To achieve acceleration with 
phase stability need 
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Large Amplitude Effects
Can no longer linearize the energy error equation.

1 2

2 c
l l l

z l

L E
E

π ηφ φ
λβ+∆ = ∆ − ∆

( )( )1 cos cosl l c s l sE E eV φ φ φ+∆ = ∆ + +∆ −

1

0

2l l cd E
dt T p

φ φ πηφ
λ

+∆ − ∆∆
≈ = − ∆

( )( )1

0 0

cos cosc s l sl l
eVE Ed E

dt T T
φ φ φ

+
+ ∆ −∆ − ∆∆

≈ =

( )( )
2

2
0

2 cos cosc
c s s

d eV
dt pT

πηφ φ φ φ
λ

∆
= − + ∆ −



Physics 417/517 Introduction to Particle Accelerator Physics  10/23/2007

Constant of Motion (Longitudinal 
“Hamiltonian”)
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Equations of Motion
If neglect the slow (adiabatic) variation of p and T0 with time, 
the equations of motion approximately Hamiltonian
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In particular, the Hamiltonian is a constant of the motion

Kinetic Energy Term
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No Acceleration
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Better known as the real pendulum.
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With Acceleration
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Equation for separatrix yields “fish” diagrams in phase space. 
Fixed points at
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Synchrotron Radiation
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Accelerated particles emit electromagnetic radiation. Emission 
from very high energy particles has unique properties for a 
radiation source. As such radiation was first observed at one of
the earliest electron synchrotrons, radiation from high energy 
particles (mainly electrons) is known generically as synchrotron
radiation by the accelerator and HENP communities.

The radiation is highly collimated in the beam direction

From relativity
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Lorentz invariance of wave phase implies kµ = (ω/c,kx,ky,kz) is a 
Lorentz 4-vector
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Therefore all radiation with θ' < π / 2, which is roughly ½ of the 
emission for dipole emission from a transverse acceleration in 
the beam frame, is Lorentz transformed into an angle less than 
1/γ. Because of the strong Doppler shift of the photon energy, 
higher for θ → 0, most of the energy in the photons is within a 
cone of angular extent 1/γ around the beam direction.
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