Equah’on s of motion

® Nquecﬁn% non- Lineas effects (such a magnet f2inge fields
or fields ELA sextupole magnets), the paraxial Hamiltonian
o4 the t:ansgve2se motion for a paz*icﬂe with equifié'zc‘um
enexqy in an accelexctor lattice is given é%

. Pa ¢
HEPe,p x50l (B4 907 ).
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Assuming the coupling to Be small, we can consicles only one
deqree of f2eedom without loss of Qenezality. Hamilton's equa-
tions of motion lead fo the Hill's equation:

g, = OH/ap ”
' ~A q+ g.(s)9=0
P =-2H/9q

The genexal solution for this equation in its standaxd form
i g given &%

q(s) = -\/33;3(5) COS("Y‘(Q)+ 3)

= o 25 -./23 o
P(8)= — X (8) ) cos (¥(s)+48) T Sin(v(s)+8)

where p(s) satissies differential equation 2pp-pieugs)p’=y
and

S .
= | ;'3% . o(2)= -p2.

The evolution of the phase-space vector G(s)= (q(s), PCs))T
fom Q2imuthal position $, to 6; is qiven in tewms of tzanspert
mat 2i ¥ Q(‘-’:)= M(sa‘sg)g(“h) swheze N(r’zlsu) s

%(;_% [COS}Jn * °‘($~3S‘lh,un] -\/Pcs.)pcs,)' sin P
_ Lot(sa)=ae(s)lcospn+ [t x(s)x(s:)sintn /ms-.\' [0S ppmatls) sinp.,]
Vpsapess) s
whete
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e The use of noamalized canonical vazriaBles (p,9) (P,m)
0= 4NF P= pip rxq VB
neduces the motion to the simple 20tation:
[Q(sa)]z[cqs;m sinp.,],['l(‘h)]
P (%) - SNy Cosp, N (5)
o Another simplification caon Be pe:xfowmed by intaoducing no-

malized complex vectony

2:9-i® A 2(s=e M acsy

Emittance in different cooaxdinates

'C%:\_A_,‘/F cos(l\’_(ﬁ)*é) = AV,E‘,,cosé
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. 90 =-Asind ?;
A &= -\/<Q'><9‘>

A 8in'd A <§>;>
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Note that thie definition is valid fo2 equi[:’gzium state,
otherwise one can use ,,sin%ee pecrticle emittance” ancl +then
avetcaqe over the ensemB le
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Emittance g20owth due to noise

Consicler a fuzn-ﬁg—f'uzn"mof'ion of a paz‘“cée, when it
experiences a thin kKick with 2andom natuzre that changes
ite momentum ag

5% ] '
Pn - P, + EP, IyeiPO 519'2;,:0 5? 6?’" S
l.omdn% for po'zHch Behaviox 'ziglnf ? T ? (r (r
Before the location of 1he ranclom 2o 2, 2, 2y., 2,
wicw sounce, the 2esult of # suc-
cessive passes gives BPM_ ;, 2andom wick

' . W=l ¢ =
2y = 28V T s ettt V™
n=0

where

5P, =Vp 6p and  po= § 23 :
n=VR OPn e pesd /e po

oz in teams of noamalized co-

O2dinateg

N=1
2, = ('Qo' LP) (oS poN + i sinf,N)+n§:°59n ( sinpo(u-n)-icos,:, (N-n))

~ [z Re 2, =4, COSPoi + P, oinpo N +n=205§>,, %inpo(n-n)

w1
F=-Im2, =-1, SiNpoN + £ cOSpeN + 57 85, €05 o (¥-n)
nco
O us,’n% ;n,‘h'c:[ conclitions In teaxms of ,'n,‘/:'ag C""Pé""“de
anel phase

N = Vs cos (¥(0)+8)= Acosd P, =-25 sin (¥(0)+8) = ~Asind
=A =0
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. L(PoN +8) - Lpo (M=)
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Now we can calculate quadzatic values of these variables and then
average them over the wick value (denoted By <..»). For fuzther cal-
culations we will 8e assuming that &p, (and therefore 8%P,)is a

Station awy 2andom p2ocess with 2ez0 mean value

{EPaY =<8P,>=0

which caon Be characterized By its auto-cozeelation function
(8P P> =P SPnSPm>= Kgg (1,2Tn 1,2Tm) = Kyp (at=i,-1;=T(n-m)
where T ig the nevolution peziod.

ln addition te auto- correlation function one can dete amine the
corresponcing spectaal density S(w):

_ b= T _ -ieoT
Kas,m--ﬁ__cxo Ssp ()€ Tds 559“*’“_,§, Ko (TIE  dT

such & S€w)20 and S(w)= SCw).
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r|n the ?,im'.‘} N > 2o the foleowin% identities can be used:

. II‘/ oo
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Nt e LT (n-m) - i Po (n-m)
o ['aITS & (oyereTe ,,lw]e Po =
n=0 m=0 -c0
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Speciae case: white noige

The Whi’re noise i us«.noeela defined as 5(w)= const ,k which
qgives divez2gency $o2
«  S([d-nl)

Therefore we need to 2edefine auto - co22elotion function as
K69 (T(“"m))‘-' (89> én,m
wher@ S, . is the Kionexen celta symbol,

Thus (o peww, ceM):
Nl w-L

A cos' (pon+8) + <> 11V 5,.,, 50 [petv-m] sin[ pw-m]=
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Fox the nesonant case:
Ale
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P'aeeimina'ui_ﬂcon sidearation of the choice of the coesficients

In most Q)ene'zc\e foxm the filter which is Based on o prehi stoay

of N tuwns and applied d tuinsg Later can be represented as:
% N=\

= (& o Akxh- -x
6Pn PPPK KZ=:O y .

whete n is the tuan # where the filtex output should be used.

e The filter ghouldn't Be sensitive to the o3bit offset with res-
rect to the qeometaical center of BPM:

N-1 N-i
foo Xp = const = o ZAkxn-d-K = O‘ZAK = 0
st K=0 K=0
~ Y A=0 - notch filter

K=0

e In addition to notch fiefe'zing one can maxe the filtes to be
non-sengitive to the lineax change of the 028it in time:

V-1 N N ”el
foz Xn‘-:ﬁn 2 Akx“-d-uz ﬁ 2 AK (ﬂ-d-K)= P(n-d)ZAK'PEKA“=O

K=0 ®=0 ®=0 w: o

N

-, Ae = (o)
K0
)
KAK =0
®=0

o These consideaations can Be qeneralized in order to make the
fittez to Be non-sensitive to the polynomial 026/t changing

in time:
X, = ¥n" A (v o0 s met)®] [ Ao
Ol 23 -+ (m+) A,
mat 4 |0 1M S e (med ) A, =0
« . . . . A.5
\ -O‘ a"‘ 3;“"' (m”)MJ L Amin
\— —
=
me 2
A A= CGDRCET, K=o, ma m n | Ao A A, Ay Ay As
o |2 f =f — == e e
| 3 I -2 1 —_— = -
2 |4 t =3 3 =1 = -
3 5 { -4y 6 -4 | -
Y 6 | -5 10 ~t0 5 -|




Modeekn% of the thansverse dameer

Equoations of motion

One tuan map is given as follows:

1~ Bl el = el
Padp  LPalyo LPalo LPalyo LPali o Lok Pondp  *LPaluio

o2 ommi‘“n% SU&S C?.l'pf "P” wicken
n.(p.)/
o)< (] [2])
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% _geyat X.g ¥%ea O Xo % Xv-y X L

U sing noima lized complex voriable 2=V - L9
2a,=el(ete, -i 88,

wheqse

~N=|
89, = V2 80n = QL A (Re Znguict Snoan)

6'2.1 = 5%;/\@1
SO finon;t

i L .- nedeet Bn-d-u
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DC\mpin% 2ate for small 001N

Nealecting heating team Sn; , and tawing into account that
addencls cont2ibution of 2% 1eam s averaged out, gives:
. e
[ . % -LM,
2nu= e'uo[in-l’z'e a EOA“ 2“°d-\<]'
K=

Lun
Looking forx the solution in the foam 2,: 2,€ SEEPN
L - ] -1 + m.. ",
e HRRe) L L%_ e t(piepd) 5 Ace "
®=0
Then , using the Jiast-oacder pearturbotion theory /U=/Uo“"3d
: K- ;
[] - ' d - o
CYRRE - ekl W WS
®K=0

~ Emittance damping can Be calculatecd as

2 L, -t -t (o -1 yn -2Reqy -2Re Q4
Ee<22ts/p 282 ol Fenim AN gl T AT o U g e

Iw oader 1o have caidi coee% demped system Im %d should Be
eq,uaé to 2e20, which qgives
%-1

Y3 A COS [POK* 6}1] =0 ,wheae 6/.1 =/J,*/-'od

«z0

Ewmittance arow th excitecl B% noise o4 BPM

Now , reeping only the heating team, while damping team will

be omitied, a one tuan map is given by
-t

2v\-n = eLPO[ 2'\- i’%e-LF' 2 A, 6'? n-d-k]

K:0

i One% one measurement is e2aonecus , let say Sp_y, then afte:
MM tuans: et

Lpo W, -ip &
2. = e -iqsn e 3 Y A e

®=0

A SE=<srs20>/2: 280 (Re'qu+ Wwmiq,) = 219417 897 /5,

'.,K" ‘od i.K
ipe K)=(¥o"’-%a5'l.a e’y et

where we used additional ave:0ging over wick amplitudes (...),
ond

(gz\,-’.')lh:"/PP' ('3'.;})”2 IS the RMS e2202 of a single measuiement



Feedback System

Consider the simplest cose when K =0 and d=o0:

ol A GLEHAD e onesn

Thie equation con Be rewzitten as

Vel [ cospa  sinp, CoOSpr Ginp, . o o (]

[9,,‘]—_-5‘“;‘, cosp,}.<{~sinp. cosp.] [% 0])[9,.]-

[ qsinp, + cos () sin(uepd|[n] [N
H?Jm[?}

| gqeosp, = sin(pep) coé(y.qh)
Chazacteristic poemom;oé for M is

N = (Reos(pepm) + g sin) X + - gsiny, =0
The discaiminant of this polynomial is
A, = Qe. 5;;\1Fa + 4 (s.‘n,u, + Sinp, cos(/.c,+/4,)) % -y

1§ Pa# Tm  m=0,1,2,., then

D,L>0 if ge (- oo ;- Sl y\y (sintuep ;o0

sin?(pah) cos'(pala)

. _sin(pap) | sin(pieps)
Oy €O § Q¢ t Sint(pal2)? cosi(p,l2) 1

for sin(prp) >0

81 A, €O then X, have equa@ modulus

I % Sinp, + COS(p+ ) L-\ﬂ- qsinp, -[-}sinp,+cos(p,+p,\]‘ |

I)‘m.l = -\( |- %sin}l. which i1g <| fo0> {%é (o, SiV\"IA.)’ S"ﬂ/l,>o

%e(sin"/;, ;O), Sin}:,<o
The damping deciement is given as

§o min { C-1x), ()}



Calculotion of coefficients

!3.K = (-1)“[ vt sn(”’3P°+6p+N a_)+C o s\n(ﬂa" Pa*fs}'\*N—g:)]
Notation :

filter type { 0- notch 5 1= Lineos chonge , 2 - quad. chan%e’.
Ay # of tuing NN+ D
w index we [Oo,~7+2]
exe.
’A, Pickup - kick@2 ph. adv.

Ha wicker-picvup ph. adv,

’Joe‘P Betatron tune }.to =My = Pa Do
d # of dePcuded tuens in our case d =0
6’4 6},\ = ,J| + FQO\

4" ehoubtd be p'zo*ecfed, 4=z0

W

o P should Be protected and placed into expert mode page”,

P‘x = ':—'i ?.WDO, - hoaizontal
Pn% ::2 2.1\'00 - veatical

Checw of decrement sign

- od) At -t ®-!
Q4 = L—a—- e k(pitfled) 1., A€ ¥ o % 2 A sm(yomép)ﬂ. '?:2 A COS(’»\oK"’al"
k=0
Re Q4 Should Be = Q4 Shoutd X
>0, othenwise equal’_ to O.
A, > ~Ayx

Possible Nonrwmalization




Sum 2earran ament

In order to 2educe the numbes of coefficientg one can 2e020ange the
sum as follows:

e Notch filtex (m=0)

N-
2 Av X(n-dy-x = on(n-d) + ‘Ao[x(n-dw = x(n-d)-ll‘" Ay X (n-dy-1 *‘(“O*A'\[x(n-d)-z' ’((n-nh-l]f
K=0 =0 =0

+ Ay Xen-gy-2 * (Bo¥ M+ ) [X(nody.y - x(h-d)ﬂ]"" o ® Aoy Xn-dyaweny =
=0

(Ao\ [ Kn-dy~ xm-d;..] + (Aot An)[x(n-d)-l- x(n-d)-z]" (Ro* Ao ) X(n-dy-2™ Yen-dr-3] +

N-1
ot (ﬂo Ai)[ X(n-dy- (w-2) = X (n-dy- (w-1)] * (

~N-1
Ai.) x(n-c\)-(lv-c) =
o

t=

N-2 K
= Z B, (xu\-d)-k - x(n-d)-(Kﬂ)) wheze By = Zl Ay
K=0O =0

o Conrection of linec change of o2bif in fime (m=y)
N2 N-3

E EDK (x(n-d)-x— X('hd)'(wn)) . E CK (X(n-d)-x - aX(“-A)-(K,‘)* x(h-d\-(mz\)
K=0 wv=0

K
wheze Cy =_Z B
t=0O

e This p2ocedure con Be qenezolized §or caBit2a2y m:

K=0 K= O

N=) N-m=2 mel st
Z: A X(n-d)-k = Z DK E <(") Ca X(n-c‘)-(m&))
=0

i=0

« R 9
where Dy = Z Z Z. A,
\L:o ’z:O’

(M+) Sums




