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Outline

Practical Examples:

Spin Rotator for Figure-8 Collider ring

Vertex-to-plane adapter for electron cooling (Fermilab)

Ionization cooling channel for Neutrino Factory and Muon Collider

Generalized vertex-to-plane transformer insertp

V Lebedev A Bogacz ‘Betatron Motion with Coupling of HorizontalV. Lebedev, A. Bogacz, Betatron Motion with Coupling of Horizontal 
and Vertical Degrees of Freedom’, 2000, 
http://dx.doi.org/10.1088/1748-0221/5/10/P10010
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Axisymmetric rotational distribution − Twiss 
functions 

 Fermilab electron cooling 
The electron beam distrib tion The electron beam distribution 
is axially symmetric, and 
uncoupled at the cathode: 
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Axisymmetric rotational distribution − Twiss 
functions 

♦ At the exit of the solenoid the electron beam distribution is still
axially symmetric 
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Axisymmetric rotational distribution − Twiss 
functions 

The eigen vectors of the rotational distribution:♦ The eigen-vectors of the rotational distribution:
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Axisymmetric rotational distribution − Twiss 
functions 

♦ Comparing left and right hand sides of the equation 
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Spin rotators for Figure-8 Collider Ring

Figure-8 Collider Ring - Footprint
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Spin Rotator − Ingredients…
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Locally  decoupled solenoid pair (Hisham Sayed) 
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Locally  decoupled solenoid pair (Hisham Sayed) 

BL = 28.7 Tesla m
15 1

TA
_X

&Y
[m

]

SP
_X

&Y
[m

]

BE
T

D
IS

17.90320

0 -1

BETA_X BETA_Y DISP_X DISP_Y

solenoid  4.16 m solenoid  4.16 m
decoupling quad insert

M =
C 0

Operated by JSA for the U.S. Department of Energy

Thomas Jefferson National Accelerator Facility
Lecture 8 − Coupled Betatron Motion II 10

M 
− C0

USPAS, Hampton, VA, Jan. 17-28, 2011



Universal Spin Rotator −Optics
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Ionization Cooling in an Axially Symmetric Channel

 A single-particle phase-space trajectory along the
beam orbit can be expressed as: 
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♦ One can rewrite the above equations in the following compact form 
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Ionization Cooling in an Axially Symmetric Channel

♦ In the case of axially symmetric focusing the eigen-vectors reduce to
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♠ here we used that u = 1/2 ν1 =ν2 =π/2
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Ionization Cooling in an Axially Symmetric Channel

 Cooling Description 
♦ Ionization cooling due to energy loss in a thin absorber can be

described as: 
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♠ here the longitudinal energy restoration by immediate re-
acceleration is assumed 

♦ Using canonical variables the above cooling equation can be written♦ Using canonical variables the above cooling equation can be written 
as: 

0001
⎥
⎤

⎢
⎡

      inout xRRx ˆ

1000
0100
0010

ˆ 1−

⎥
⎥
⎥
⎥

⎦
⎢
⎢
⎢
⎢

⎣ −

−
=

δ

δ
 

Operated by JSA for the U.S. Department of Energy

Thomas Jefferson National Accelerator Facility
Lecture 8 − Coupled Betatron Motion II 14USPAS, Hampton, VA, Jan. 17-28, 2011

1000 ⎦⎣ δ



Ionization Cooling in an Axially Symmetric Channel

♦ Employing amplitude vector representation:  )()(ˆ)(ˆ sss aVx = , one can 
rewrite the cooling equation as:rewrite the cooling equation as:
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Ionization Cooling in an Axially Symmetric Channel

♦ Carrying out the above calculation explicitly one obtains: 
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♦ 2D emittances after cooling are given by the following formula: 
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Ionization Cooling in an Axially Symmetric Channel

 Two alternative descriptions of cooling 

♦ After passing through a thin absorber one computes  
♠ a new 4D phase space 
♠ new partial emittances 
♠ new beta-functions 

♦ Or one can compute everything relative to the unperturbed beta♦ Or one can compute everything relative to the unperturbed beta-
functions 

♠ Seems like more convenient approach, although partial
emittances (actions) depend on betatron phases
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Ionization Cooling in an Axially Symmetric Channel

 If cooling effect of one absorber is sufficiently small one
can perform averaging over betatron phases. That
yields 
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Ionization Cooling in an Axially Symmetric Channel

C i l t f i l ti l♦ Canonical momentum of a single particle 
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Ionization Cooling in an Axially Symmetric Channel

♦ Second order moments of the Gaussian distribution  

  (Note that for a single particle  - 2/εε =rms  and we use rms. emittances below) 
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Ionization Cooling in an Axially Symmetric Channel

 Beta-function for Particle Motion with Axial-symmetric Solenoidal 
Focusing  

 
♦ Equation for the square root of the beta-function is similar to the

eq ation for Floq e f nction in the case of nco pled motionequation for Floque-function in the case of uncoupled motion:
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Beta functions in axially symmetric FOFO cell
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Periodic Cell − Optics
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Periodic Cell – Magnets
‘i d h lf ll’ ‘ t d h lf ll’‘inward half-cell’ ‘outward half-cell’
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‘Snake’ cooling channel – Dispersion suppression 
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Muon Cooling Channel  − Optics
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Vertex-to-plane transformer insert
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Vertex-to-plane transformer insert

♦ Eigen-vectors of the decoupled motion in the coordinate system
rotated by 450rotated by 45  
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♠ Rotational eigen-vectors  
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Vertex-to-plane transformer insert

♦ Focusing system with 450 difference between the horizontal and♦ Focusing system with 45 difference between the horizontal and
vertical betatron phase advances will transform the initial vertex
distribution into the flat one 

♦ The resulting 2D emittances are as follows 
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♦ Lattice implementation – Twiss functions, beam sizes etc. 
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Vertex-to-plane transformer insert
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    ⇒  ε1 = 7.14⋅10-3 cm,   ε2 = 3.24⋅10-8 cm  



Summary

 Relationships between the eigen-vectors, beam emittances and the
beam ellipsoid in 4D phase space 
♦ From the beam ellipsoid to the eigen-vectors (equivalence of both

pictures) 
New parametrization of eigen vectors in terms of generalized Twiss New parametrization of eigen-vectors in terms of generalized Twiss
functions 
♦ Complete Weyl-like representation  

♠ 10 independent parameters to fully describe the motion 
♠ transport line ambiguities resolved 

♦ Developed software based on this representation allows effective♦ Developed software based on this representation allows effective
analysis of coupled betatron motion for both circular accelerators 
and transfer lines (OptiM). 
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