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Luminosity and Beam-Beam Effect {22
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e Luminosity Defined
e Beam-Beam Tune Shift

e Luminosity Tune-shift Relationship (Krafft-Ziemann
Thm.)

e Beam-Beam Effect
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Events per Beam Crossing ‘_‘l;:;

* Inanuclear physics experiment with a beam crossing through a(t?un
fixed target

Target
Number density »

Beam

* Probability of single event, per beam particle passage Is
P =nol

e o Isthe *“cross section” for the process (area units)
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Beam 1

Collision Geometry

Beam 2

* Probability an event is generated by a single particle of
Beam 1 crossing Beam 2 bunch with Gaussian density™

by N, exp(_xz /20'22x)6Xp(_y2 /Zo-zzy) ]? exp(—22 202 )dz

2 3/2
( 7[) GZxO-ZyO-ZZ

N, eXp(—x2 /ZGZZX)EXD(—)/Z /2022y)

2r0,,0,,

O

* This expression still correct when relativity done properly
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Collider Luminosity \ALids

I
Probability an event is generated by a Beam 1 bunch with ODU
Gaussian density crossing a Beam 2 bunch with Gaussian density

N, N,

P =
2 2 2 2
27z\/0'1x +0,, \/O'ly +0,,

O

Event rate with equal transverse beam sizes

aN _ NN, oc=Lo
dt 4ro.o,

Luminosity

0%sec'cm ?,

B — leNZ _ 1
dro .o,

forf =100 MHz, N, = N, =10",0, = o, =10 microns
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e As we’ve seen previously, in a ring accelerator the number
of transverse oscillations a particle makes in one circuit Is
called the “betatron tune” O.

* Any deviation from the design values of the tune (in either
the horizontal or vertical directions), is called a “tune
shift”. For long term stability of the beam in a ring
accelerator, the tune must be highly controlled.

v 1 0 COS U B sin u
o\ =11f 1)\ -sinulpB”  cosu

COS u L7 sin u
|l —cosul f-sinul B COS,u—(,B*/f)Sin,u

Beam-Beam Tune Shift
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COS(ILl+AILl):Tr(]2\4t0t)_ ﬂ

= COS u ——SIin u
2f

*

_ Ap P *
é:_AQ_Zﬂ_sz pro<<J
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Bessetti-Erskine Solution

« 2-D potential of Bi-Gaussian transverse distribution

Ql x2 y2
: — EX — EX —
p(x:y) 270 0, p( 205) p( ZO'yZJ

« Potential Theory gives solution to Poisson Equation

p(x,)

Vi =

« Bassetti and Erskine manipulate this to
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Q' X+ iy x°
E = | — _ _
) 280\/27z(af—0y2) " W[\/Z(O'fayz)] exp( 20

O’ X+ iy x° x° ] x
E = R _ _
e zr(ol o)) WL\/Z(Gfaj)J eXpL 207 207 )"| T f2(o7 o)
w(z) Complexerrorfunc;tion /\ _

* We need 2-D linear field for small displacements

E (x0)=-20 22 ] - dq
Ox  27&, g (\/ZGf +q) \/ZO'yZ +q
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e (Can do the integral analytically

) o0 2 2 + '
| 13 dg= | 2 2.1 +dq’
0(\/205+q) \/205+q wai(\/O'f—G;ﬁLq,) (\/0§_5§+q')
F cl-0l+q' , (ayz—af)q' 1
} 2% o [ 12 2 2\? =) 2 2\2 [ 12 2 2\2 )2 B 2 2 2\2 "
Aot (g? - (o2 ot)) (ol-ol) (a7 (or-a) ) (an-(er-02)) |
1 G§+Gf 1 1 —20x0y+0y2+af+ay2—af 1
- T 2T 3 2 + - 2 2 -
c,-o, o©,-o0, 200, 20,0, (ay—ax)Zaxay (Gx-i-Gy)Gx
« Similarly for the y-direction
0 ' 1
B, (0.y)=-280 22
dy  27me, o, (Gx +Gy)
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Linear Beam-Beam Kick
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e Linear kick received after interaction with bunch

A(y,fp.me)=q, T (sz + (\7>< E)zx)()_él (t),t)dt

—Q0

by relativity, for oppositely moving beams

Ayp, mc_q1(1+18121822)_[( 2x) ’xl(t t)dt

Following linear Bassetti-Erskine model

2
q,X 1 1 (Z_/Bzth)
E 0,z,t)= exp| —
2 x (x Z, ) 27[80 o (Gx+(7y) /—272_02 p( 2(722

q, moves with X (¢)=(x,0,-,.ct)
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Linear Beam-Beam Tune Shift %22
(1"':312:822) q,X 1 ODU

Bi. + B, 2re,c o, (ax + Gy)
2N, (1+,B121322) r .= e’
7. B+ B, o, (ax + ay) Y Aze,m,c’

2N,rn
V10 & (Ux +Gy)
From linear Bassetti-Erskine model, and replacing the beam size
§1:N2r1 1 51:N2r1 | 1
C 27y, gi(1+0y/c7x) T 2my, 8;(1+0y/(7x)(0x/0y)
Argument entirely symmetric wrt choice of bunch 1 and 2
_ Ner 1 i _ Nyh 1
o = 2y, &' (1+ o, /Gx) o = 2y, € (1+ o, /O'x)(O'x /c)'y)
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1/ f =

1/ f 0 Both beams relativistic




Luminosity Beam-Beam tune-shifyqgpp
relationship ODU

o EXxpress Luminosity in terms of the (larger!) vertical tune
1, 5,7,

shift (i either 1 or 2)
N.Ey,
= " (1+0 /o —(1+0 /o
(tro,10)=" 20 (100, 10,)

27/118; 2 iﬂiy

* Necessary, but not sufficient, for self-consistent design

o EXxpressed in this way, and given a known limit to the
beam-beam tune shift, the only variables to manipulate to
Increase luminosity are the stored current, the aspect ratio,
and the * (beta function value at the interaction point)

o Applies to ERL-ring colliders, stored beam (ions) only

L
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Luminosity-Deflection Theorem {322
ODU

e Luminosity-tune shift formula is linearized version of a
much more general formula discovered by Krafft and
generalized by V. Ziemann.

» Relates easy calculation (luminosity) to a hard calculation
(beam-beam force), and contains all the standard results in
beam-beam interaction theory.

e Based on the fact that the relativistic beam-beam force is
almost entirely transverse, I. e., 2-D electrostatics applies.
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2-D Electrostatics Theorem
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_ 20" ¥-X
E(x): 2
dre, ‘55_)?’
! ! 1 ( s X X Y
Iy =—1, = > re J- JoF (Xz)‘;z_ ‘pl(xl)d x1d2x2 1on?2
0 2

n (%)= p ()10, n,(%,)= ,ol(x2 +5)/Q1' zero centerred
0! = ([ p,(3)d?s Ezjjfpz(ic’)dzic’/Qé

F) =—F/ = 0.0, ”nz(xz % b - n, (%,)d?%,d*%,

27TE M 2
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=276 (x, + b, +x1)5(J’2 +b, +y1)

x1+b—x2

—_

Sy

—

X, +b—Xx,

O o= Lo (o (1)

Generalizes V - E = (;io (take p,(¥)oc 5° (’?J“g))

Transverse Interaction in the beam-beam problem

4,9, X1 — X,

272'806‘ ‘xl — X,

Ap, =

‘2
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DY y, (o,lo, O b,
Dy B ﬁ O 1 by
L

_ Nure (1+o,/0,) asbefore
2r, 3 :
Maximum when
o [op,|_, 0 |ep | _,
ob,| db, | ~  0b,| db,
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Luminosity-Deflection Pairs Q¥
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e Round Beam Fast Model

.\ 2N.,rb . N,N,o°
e O R B

[j (5) = l_jBassetti_Erskine (5’ \/Glzx + 022)6 ;\/Glzy + O-Zzy )
. N,N % b:
L(b)= L2 exp| — X exp| — -
( ) 272'_\/612x + Gzzx \/alzy + Gzzy { \/fo + Gzzx J { \/afy + Gzzy ]
e Smith-Laslett Model
13(5): ZANZFGE (4];A2+2AZ; ) 457 sinh ™ 5—3+£ +sinh™ b
b*AB (4b2+b ) (4b +b 2 2 2

i N
)2~ 4)b? ; b =| x| +| =
L(Z;)NlNz{(Zb ) _ ( )Z{Smh {2+2}+Slnh {2}}} (Aj (Bj

TAB | (ab2+50) (462 +5*)
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Beard-Krafft Talk
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Balsa Talk Beam-Beam
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