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Mechanics

In accelerators, the principles of Mechanics are used to
determine and solve the equations of motion of the particles
that make up the beam in the accelerator. Depending on the
energy of the particles involved, one may need to use either
non-relativistic (Newtonian) mechanics or the relativistic
mechanics of Einstein and Lorentz. Non-relativistic
mechanics starts with

F=ma=—— P =mv momentum (2nd Law)

F =0— p=constant momentum conserved (1st Law)

)

— L =Fx p=constant
angular momentum conserved

FT=FxF =
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Work/Energy |
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. Work done by an external force
j _f mv)-ds  Work moving from 1 to 2
1

o

-2[ mv-v) . mv; my;
1 2 2 2
. Conservatlve force has Energy Conservation

Q

— —

VxF =05 F=-VV 3 Potential function

2 2
— j VV .ds =— j dV =V, -V, path independent
1 1

mv?

> (Kinetic Energy, T )+V (X)(Potential Energy ) = constant
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Potential Function Examples
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o Gravitational potential near surface of earth

mgz

« Gravitational potential surrounding a star/planet
m.m
I

G

» Potential for a static electric charge

1 99

Are, T
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Action
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« Newton’s 2" Law can be difficult to apply in non-
Cartesian coordinate systems (e.g., cylindrical or spherical
coordinate systems)

 Find a procedure equivalent to Newton’s 2" Law in
Cartesian system, but can be used more generally

 Start by defining the “Lagrangian”

L_m—v_v( ) Ifcart:d |:a|__.:|:a_l__,
2 dt| ov | OX

e Action is the integral of the Lagrangian along the motion
S = j ))dt
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Principle of Extremal (Least) Action 8822
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« Actual motion of the particle (equations of motion In
Lagrangian form)

d [8L}_8_L_
dt| ov | oX

makes the action integral extremal. Work the argument the
other way. In a general coordinate system, the equations of
motion must be of the same Euler-Lagrange form.

53 —j[g—t 59(1)+ %1 )}dt—j[% I sx(t)+ 25 sx (1 )}dt

. LoV dt OX
b
= [ d oL aL} SX(t)dt 5S:O<:>dal:—al::
L dtov  oX dt ov  oX

g Thomas Jefferson National Accelerator Facili N
J)effer%on Lab o @ %"‘C‘A

TAADI Fall2012



Example Cylindrical Coordinates
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X=1TrCcosf
y=rsing
X =TI Ccosé —rsin 6o
y = sin @+ rcos 66
m(r’2+r26’2)

L = -V (r,6d

T v

i( mr)—ré” + N =0

dt or

d N oV .
a(mr29)+F% 0= r[mr¢9+2r<9—F9]
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Canonical or Conjugate Momentum S
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* For general Lagrangian, the canonical momentum is
) oL
o,
e Cylindrical Coordinates
oL . oL S .
P = Br Po =50

Do not always have momentum units
* For cyclic coordinates

L dp.
a—:O—>ﬁ=0—> p. = constant
] dt
canonical momentum is conserved. For cylindrical systems

p, = constant ifV(r,0)=V(r)
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Hamiltonian (Energy) Function

« Euler-Lagrange equations are second order ordinary
differential equations.

* [n some situations it is easier to replace each Euler-
Lagrange equation with two first order ODEs, treating
(canonical) momentum and the coodinates on the same
footing. Key is finding a function of the coordinates and
momenta, that corresponds to the total energy (the

Hamiltonian)
db _-| oL dg; , oL dg =Z[pi dd; , dp, dqi}
dt 57| 0g, dt oq, dt i dt  dt dt

d dg. dg.
—|L-> pp—|=0—>-H=L-) p,—-
dt{ 2P dt} ~ 2P dt
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Legendre Transformation

1. Solve for generalized velocities in terms of momenta

oL C
Pi :8_C]i_)qi :Ch(ch’pj)

2. Replace the generalized velocities by momenta
L(qi’qj)_) L(qi’Qj (Qi’ pj))

3. Determine the Hamiltonian (energy) function in terms of
coordinates and momenta

H (a0 py) > (a0 py) p-L(ad (a0 py))
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Hamilton’s Canonical Equations

« For kinetic energy quadratic in the g,

* Treat coordinates and conjugate momenta on same footing

dH =)’

= ZQidpi +Z pidg; _Z

oH _
0q,

J}effegon Lab

——dg, + ——dp,

| 0Q;
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o g | M
op, | ot
a—qui"‘ﬁ—l._dqi _6_Ldt
et aq, ] ot
GH _dg oH_ oL
op;, dt ot ot
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Canonical Transformations

 Hamiltonian outlook has coordinates and momenta on
same footing, and various transformations between them
are allowed

« There is a large body of theory, called canonical
transformation theory, dealing with problem of which
transformations of coordinates and momenta leave
Hamilton’s equations form invariant. Transformations that
do are called canonical transformations

« The fact that choosing what quantities in the theory to be
coordinates and what quantities in the theory are momenta
IS arbitrary through canonical transformation, encourages
one to picture dynamic motion as movement through
“phase space”
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Phase Space

 Plot of dynamical system “state” with coordinate along
abscissa and momentum along the ordinate

Px

Linear
Oscillator

S
&2

2
H = D, + M
2m

2
ZX_
2
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Liouville Theorem
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« Area In phase space Is preserved when the dynamics Is
Hamiltonian
Py
t=1¢

&

Area = Area
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1D Proof

av _ V (t+At)-V (t)

dt Ao At

x(s,t+At)ﬁx(s)+z—)t(tAt+ :x(s)+2pHX(x(s),px(s))At+---
p (S, t+At)=p,(s)+ ddptx tAt+ = px(s)—g(x(s) p, (s))At+

( dx
V(t)= pdx=|p, (s t)—(s,t)ds
(t) Ci) ! ( )ds( )

L
V(tea)= § pax=[p, (st At) (s, t+At)ds
0

c(s,t+At) ds

= ]9+ 2 x9), (o)t | () 2 (x(9), () o

op,
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dt ds 6px

L

{dpgs ((9) 2. (5) B (105, () 21 s

O'—-‘

8px OX
(why is boundary term of integration by parts zero?)

= ¢ LLIPPCLLIN
c(s,t) apx OX

By Green's Thm.

=0 when the differential is an exact differential

. o ( oH o ( oH .

l.e., — = , in other words always
ox \ op, op,

note the integrand above is really dH, so H is a "potential™
for phase space!!!
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3D Poincare Invariants

 In a three dimensional Hamiltonian motion, the 6D phase
space volume is conserved (also called Liouville’s Thm.)

V., = j dp,dp, dp,dxdydz
« Additionally, the sunf*of the projected volumes (Poincare
Invariants) are conserved

dp,dx+ [ dp,dy+ [ dp,dz

proj(Vy ) proj(Vy ) proj(Vy )

dp dp.dydz + dp,dp, dzdx + dp. dp, dxdy
y 7 z X X y

proj(V, ) proj(V, ) proj(V, )
Emittance (phase space area) exchange based on this idea
 More complicated to prove, but are true because, as in 1D

0°’H  0°H
ag;op;  0p;0q;
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y 1s a loop in 6D phase space

y(t)=(p(st).d(s:t))
Lﬂil p.dx} !Z{ Ea—m(Y(S),D'(S))Jra—X(Y(S),D’(S)) o }

(3B (1(0) ) 2 205, p(3) %40 - § e =

1
for any surface in 6D phase space V,, with y =0V,

Cﬁz pidx; = J-Z_ldpidxi —ZB: j dp,dx.

avz i=1 V2 1= i=1 pro )
2

3
Z dp,dx; | =dp,dp,dydz +dp,dp,dzdx + dp,dp, dxdy
i=1

3

3
> dp,dx; | =dp,dp,dp,dxdydz
i=1
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Electromagnetic Force

e Lorentz Force

—

F :q(E+\7>< I§)

e Equations of motion follow from a *“velocity-dependent”
Lagrangian (non-relativistic case) (Verify in HW)

X% 4+ y% 4+ 7° , , ,
L=m y2 —q¢(x,y,z)+q(xAX+yAy+zAZ)
e Canonical momentum
oL oL oL
P=—=mMX+09dA P =—=mV+dA P.=—=mz7Z+ gA
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Hamiltonian for Particle in EM Field &%22
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 Hamiltonian is

= +0¢ SStill T +V

« Equations of motion gauge invariant
A=A+V1 ¢ =¢-01l0t
mX - X - dA
= —Q¢' +0X-A'=L+q—
5 d¢ +¢ g dt
 Verify Hamilton’s equations yield the Lorentz Force
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e From Liouville’s theorem we can conclude right away that,
neglecting interactions between particles, the phase space
density in a particle beam cannot be changed merely by
acting on the beam with an external Electromagnetic field.
Standard magnetic field configurations will not change
particle phase space density. Important point, and a
fundamental problem in accelerator physics. Beam quality
usually tends to degrade as one propagates along the
accelerator.

Liouville’s Theorem Again

3 Thomas Jefferson National Accelerator Facility @ %_ISA
J)effer%on Lab TAADI Fall2012 \ 5



