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1. For the harmonic oscillator potential
V(x)=ma’x* /2.
The Lagrangian is
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The canonical momentum is
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Therefore, the Hamiltonian is
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Hamilton’s equations are
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Taking the time derivative of the second equation gives
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the harmonic oscillator equation. Because this equation can be written in a
Hamiltonian form, Liouville’s theorem applies. The motion preserves phase space
volume (area in the 1-D case).

2. The lagrangian for a particle in an E-M field is
L(%.%)= mLZ"—q¢(>z,t)+q>*<~A(>z,t)
The canonical momentum, P, is
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The Euler-Lagrange equation is
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mX=F=q —V¢—E—x-—+V(X-A(x,t))}.

To proceed, use one of two methods:

[1] There is a vector identity



V(Q-B):(é-V)B+(5-V)§+éx(Vx5)+5x(Vxé)
:(é-V)6+éx(Vx5),

when & is a constant during the Xdifferentiation. Then the final terms in the force
equation reduce to

F = q[—V¢—%ﬁ\+ix(VxA(X,t))}
= q[E+\7x é]

[2] Expand the final terms in the force equation by hand. For example, the x-
component of these terns is
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. (a) The loop integrals are
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(b) 1
Sﬁyd =I1 xdx+I0dx+0
0 1

5[

4? ydx = j'\/l— x> dx + f—\/l— x?dx
-1 1

(©)

0 T
= [sin6(~sin@)do+ [-sino(—sino)do
T 0

—2Z_,
2

(d) It is easy to reparameterize (c) in terms of 6 e [O, 27r] directly
X = cos(—e) =cosd y=sin(-0)=-sind

ggydx—j —sing(d cosd) = Tsinzede
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—0 is used in the functional forms to get the clockwise sense of circulation.



