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RF Cavity

* Mode transformer (TEM—TM)
« Impedance transformer (Low Z—High 2Z)

« Space enclosed by conducting walls that can sustain an
Infinite number of resonant electromagnetic modes

« Shape is selected so that a particular mode can
efficiently transfer its energy to a charged particle

« An isolated mode can be modeled by an LRC circuit
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RF Cavity

Lorentz force F =q(E +VxB)

An accelerating cavity needs to provide an electric field E
longitudinal with the velocity of the particle

Magnetic fields provide deflection but no acceleration

DC electric fields can provide energies of only a few MeV

Higher energies can be obtained only by transfer of energy from
traveling waves —resonant circuits

Transfer of energy from a wave to a particle is efficient only is
both propagate at the same velocity
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Equivalent Circult for an rf Cavity

- : : : | 50000
Simple LC circuit representing an W _
accelerating resonator e 1

repesenting an accelerating

-
q

-

Metamorphosis of the LC circuit s
into an accelerating cavity e; W v I by
_lo Pl 1 = BE=
® ® ik M
a) b) c)

d) e)

Metamorphosis of the L-C circuit of Fig.1 into an accelerating cavity (after R.P.Feynman33)).
Fig. Sd shows the cylindrical “pillbox cavity” and Fig. Se a slightly modified pillb

with beam holes (typical 8 between 0.5 and 1.0). Fig. Sc resembles a low 8 version of the
Chain of weakly coupled pillbox Py s pai

cavities representing an
accelerating module

I—|<—L |_ i

—_—

Chain of coupled pendula as its LT 3
mechanical analogue

Chain of weakly-coupled pillbox

i 4

NOAN

Chain of coupled pendula as a
cavities representing an accele~

mechanical analogue to Fig. 6a
rating module

wir
.geffe?son Lab Page 4 D)ONTIDNION

UNIVERSITY



Electromagnetic Modes

Electromagnetic modes satisfy Maxwell equations
1 0°)|E
c” ot H

With the boundary conditions (assuming the walls are
made of a material of low surface resistance)

—

no tangential electric field AxE =0

no normal magnetic field feH =0

W
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Electromagnetic Modes

Assume everything ~p et
)| E
(VZ + 0)_2) { q} —0
C H

For a given cavity geometry, Maxwell equations have an infinite
number of solutions with a sinusoidal time dependence

For efficient acceleration, choose a cavity geometry and a mode
where:

Electric field is along particle trajectory
Magnetic field is O along particle trajectory

Velocity of the electromagnetic field is matched to particle velocity
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Accelerating Field (gradient)

Voltage gained by a particle divided by a reference length
E= %j E, (z)cos(wz/ pc)dz

. . . NA
For velocity-of-light particles L=—-

2

For less-than-velocity-of-light cavities, there is no
universally adopted definition of the reference length
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Design Considerations

H . .. :

s minimum critical field

Eacc
Es max . . .

' minimum field emission

Eacc
<H?> . .

- minimum shunt impedance, current losses

Eacc

<EZ> . . .
> minimum dielectric losses

Eacc

U minimum control of microphonics

2 : .
E... maximum voltage drop for high charge per bunch
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Energy Content

Energy density in electromagnetic field:

u= %(EOEZ + 1, H?)

Because of the sinusoidal time dependence and the 90°
phase shift, he energy oscillates back and forth between
the electric and magnetic field

Total energy content in the cavity:

_ & 2 M 2
U—?OdeV|E| _7°deV|H|
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Power Dissipation

Power dissipation per unit area

R
‘Hu‘z =—-|H,

dP  p,wo S
2

da 4

‘2

Total power dissipation in the cavity walls

R
szida‘Hnr

W
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Quality Factor

Quality Factor Q,:

o Energy stored in cavity _oU
" Energy dissipated in cavity walls per radian P,
@y
=W,T, =
0%0 Aa)o
2
U, J-v av |H|
(:?O o R 2
: jda‘H”‘
A

W
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Geometrical Factor

Geometrical Factor QRs (Q)
Product of the Quality Factor and the surface resistance
Independent of size and material
Depends only on shape of cavity and electromagnetic mode

2 5 5
6 -0 —op WV IH _Zﬂﬁljvdww 2y [ AVIH

jda‘Hn‘z : £ A jda‘H“‘Z A jda‘Hur
A A A

n ~377Q Impedance of vacuum
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Shunt Impedance, R/Q

2
Shunt impedance Rg: R, = Ve in O
I:)dis,s
V. = accelerating voltage
V2
Note: Sometimes the shunt impedance is defined as <
or quoted as impedance per unit length (ohm/m) 2Piss

R/Q (in Q)

R_V2 P _E2L2
Q PoU U w
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Q — Geometrical Factor (Q R.)

Energy content B wg = O
Energy disspated during one radian P Aw
Rough estimate (factor of 2) for fundamental mode
3
wZZﬂC: 2r 1 U:&JszVZ&EHSﬂ
A g1, 2L 2 2 2 6

p_1 R, [HdA = 1r Lhz
2 2 ° 2

QR, ~% /ﬁ = 2000
€0

G =QR, is size (frequency) and material independent.
It depends only on the mode geometry

It is independent of number of cells

For superconducting elliptical cavities QR, ~ 275Q

W
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Shunt Impedance (R,,), R, R., R/Q

V? E2 L
Ra =5 =1 1
SRHZr 22

2 2

In practice for elliptical cavities
R,R, = 33,000 (Qz) per cell
R, /Q=100Q per cell

R, R, and R, /Q
Independent of size (frequency) and material
Depends on mode geometry
Proportional to number of cells

W
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Power Dissipated per Unit Length or Unit Area

P 1 E°R,
L ™ QR @
Q
For normal conductors R, oc w2
1
P v o2
L
1
P e w2
A
For superconductors R, oc o’
P
N oC ')
L
E ocC a)z
A
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External Coupling

 Consider a cavity connected
to an rf source

A coaxial cable carries power
from an rf source to the cavity

 The strength of the input
coupler is adjusted by
changing the penetration of
the center conductor

« Thereis afixed output
coupler, the transmitted
power probe, which picks up
power transmitted through
the cavity. This is usually
very weakly coupled

J)effe?son Lab

Page 17

TRANSMITTED
POWER PROBE

INPUT
COUPLER

_______

: TMO‘!O
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Cavity with External Coupling

Consider the rf cavity after the rf is turned off.
Stored energy U satisfies the equation: =

E —  Ttot
Total power being lost, P, Is: P =P_+P+P

P. is the power leaking back out the input coupler.
P, Is the power coming out the transmitted power coupler.
Typically P, is very small = P, # P + P,

U
Recall Q, = “
I:)diss
Similarly define a “loaded” quality factor Q.:  Q, = C’;JU
tot
ot
Now AU __ ol _ =Use ™
dt Q,
. energy in the cavity decays exponentially with time constant: 7, = Q
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Cavity with External Coupling

Equation P _ Pass TR
w,U o U

suggests that we can assign a quality factor to each loss mechanism,
such that

1_1 .1

QL QO Qe

w,U

where, by definition, Q. = >

e

Typical values for CEBAF 7-cell cavities: Q,=1x10%°, Q, ~Q,=2x10"-

W
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Cavity with External Coupling

» Define “coupling parameter™: [ = &
Qe
1 1+
therefore :( P)
QL Q&
. P,
Sis equal to: B = 5

It tells us how strongly the couplers interact with the cavity.
Large [ implies that the power leaking out of the coupler is
large compared to the power dissipated in the cavity walls.

W
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Several Loss Mechanisms

P=>P  -walllosses

-power absorbed by beam
-coupling to outside world

Associate Q will each loss mechanism
U

Q=05 (index O is reserved for wall losses)
Loaded Q: Q,
1 ZP Z—
Q
. - Q P
Coupling coefficient: f=—2=-"
Q K
— 0
% 1+> B

W
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Equivalent Circuit for an rf Cavity

. o . 550
Simple LC circuit representing w
an accelerating resonator et
__(;" == W= = I/LC

Metamorphosis of the LC circuit T
Into an accelerating cavity

8 ©° (oo} (oo}

/ of N el B

~lop 3 =] BE=E

Chain of weakly coupled pillbox ° PN o] les]
a) b) c)

cavities representing an accelerating
cavity

d) e)

Metamorphosis of the L-C circuit of Fig.1 into an accelerating cavity (after R.P.Feynman33)).
Fig. Sd shows the cylindrical “pillbox cavity” and Fig. Se a slightly modified pillb:
with beam holes (typical 8 between 0.5 and 1.0). Fig. Sc resembles a low 8 version of th
pillbox variety (0.2<8<0.5).

Chain of coupled pendula as

its mechanical analogue 72222222

J_U_|

— —

.|

Chain of weakly-coupled pillbox

i 4

NOAN

Chain of coupled pendula as a
cavities representing an accele~

mechanical analogue to Fig. 6a
rating module
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Parallel Circuit Model of an Electromagnetic Mode

. . . 1V? |
Power dissipated in resistor R: P, = EE" [_% %g —l_: o &v
v |
Shunt impedance: R, = PC — R, =2R

diss

Quality factor of resonator:

1/2
w,U R [Cj
= = oCR = — = R|—
(:?O Ftjiss ’ I"a)c l‘
1
Z:R{IHQO(Q—&\}
w,

W
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1-Port System

Ze
o fi BT :
i O T Total impedance: k°Z, + 9

ek 1+2| O
g T EET)

kV R
| = ) V =kV,
k°Z, + R - Q )
Qo R+K Zokl+2| Aa)J
1+2i—
a)o

W
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1-Port System

Energy content U = 1 CV?® :E&V2
2 2 wR
2
G .
4
(R+k?Z,)" +4k*Z2Q¢ kA—wJ
Wy
V2
Incident power: P, =—-
82,
. : . R
Define coupling coefficient: g =—;
kOZO
U Q 4p 1
Pe @ (1+B)° 1+[ 20, jZ(Aa)\z
1+ p L @, J

W
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1-Port System

Power dissipated Piiss = @9 = B ars 2 - 2 2
Q, (1+ ) 1+( onj (Aw)
1+ 4 @,

. . U .
Optimal coupling: o maximum or P, =P,

= Aw =0, p=1 . critical coupling
ReﬂeCted pOWGf Pref — I:)inc I:)diss = I:)mc 1_ 4ﬂ 2 1 2

(1+ ) 1+( 2Q, Aw)
I k1+,6’ a)o) |

W
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1-Port System

At resonance
Dissipated and Reflected Power
e
U - Qo 413 P 09 / R
= o 1 2 inc 0.8 l \\
0 ( +ﬂ) 0.7 I \\ —
4,8 0:5 \>‘//
diss — 2 inc 04 —
(1+ ﬂ) 0.3 \ // —
) A pd
(1_ ﬂ\ 01 \ 4/
rEf :Ll_l_ﬁ inC 00 1 2 3 4 5 6 7 8 9 10
B

W
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Equivalent Circuit for a Cavity with Beam

 Beam in the rf cavity is represented by a current generator.
« Equivalent circuit:

. = o o B
i@ 1| 3Tre Qe wee Ro=oes

i, produces \7IO with phase w (detuning angle)
i, produces V, with phase y
V.

~ ~

V. -V,

g

Q, Aw

tan = -2
T

W
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Equivalent Circuit for a Cavity with Beam

2,61/2
1/2
V, =(F,Ry) 1+ 7 COSy

Ib Rsh

sin@
b,

2
I,: beam rf current

i, = 2i,

l,: beam dc current
6,: beam bunch length

W
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Equivalent Circuit for a Cavity with Beam

2
1 2
P — {1+,B+b +[(1+ B)tany —btan ¢ }
_ Power absorbed by the beam R i, cos¢
Power dissipated in the cavity V.
(1+ :Bopt) Ny, = b tan ¢
Minimize P, : Fo =[1+D]
Dot _ V> [L+b|+(1+b)
) R, 2

W
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Cavity with Beam and Microphonics

tany, = -2Q,

0 0

o ow, + ow_ o,
* The detuning is now tany = -2Q,
(0

)
where dw, is the static detuning (controllable)

and Jw_ Is the random dynamic detuning (uncontrollable)

Probability Density
Medium B CM Prototype, Cavity #2, CW @ 6MV/m

10 400000 samples
) { PR 11
6 ]1 L1 ] ' |1 | 0.25
g 4
> 2 > 02 —
2 2
S 4 : / \
> 2 a 015
()
£ [\
-6 1 — — | g 01
Q
-8 1 T | t — o / \
-10 + o 0.05
920 95 100 105 110 115 120 ‘/ \
-I-ime (sec) 0 T T T T T T T
-8 6 -4 2 0 2 4 6 8
Peak Frequency Deviation (V)
W
—
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Q.. Optimization with Microphonics

Condition for optimum coupling:

i - \/(b | 20,22
and P°pt:£_(b+1)+ b1 +] 20 oo,
: 2R, k ° a)oJ

In the absence of beam (b=0): (. s )
Azggpt = ]'_F
0

2%, )
and ot VC _ ( 5a)m\2_
Fjb Pt — Eiii;;- ].4-‘\/1.4‘l\:2(:?0 , ’J

=U ow, If ow, isvery large

W
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Example

7-cell, 1500 MHz
20 v
18 N\
\
\
16 \\\ /
\\AN
N \\
14 AN
V
12 NS
~—~ e ———
< AN
x 10 N —A
0_ \ T "4
AN
8 N
'~
6 — 21.0 MV/m, 460 UA, 50 Hz 0 deg
— 21.0 MV/m, 460 UA, 38 Hz 0 deg
4 —21.0 MV/m, 460 UA, 25 Hz 0 deg
— 21.0 MV/m, 460 UA, 13 Hz 0 deg
2
—21.0 MV/m, 460 uA, 0 Hz 0deg
0 | | N N B
10 100
Qext (10°)
.!effe?son Lab Page 33
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Another Simple Model:
Coaxial Half-wave Resonator

wir
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Coaxial Half-wave Resonator

Capacitance per unit length

27e, _ 27,

o(a) s

C =

Inductance per unit length

L= ﬂoln(g) ﬂoln(lj

.{effe?son Lab Page 35

2b

2a

—>

W

OLb
[DMINION

UNIVERSITY



Coaxial Half-wave Resonator

Center conductor voltage o ‘
2 2a
V(z) =V, cos [7” zj «

Center conductor current

1(z) = Iosin[%{ zj

Line impedance

V
ZO:_OZlm(i\’ n = ﬂ:377Q
l, 27 kpoJ )

OL
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Coaxial Half-wave Resonator

. . |2 T T T T T
Peak Electric Field L ‘ |
10 -
d: coaxial cylinders i q
8 ]

V, : Voltage on center conductor
Outer conductor at ground
E,: Peak field on center conductor Ee B

% 2— |

(a),(b), (d) f

W
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Coaxial Half-wave Resonator

Peak magnetic field

( A

(1)
>;%Ink;£J 3

H
V n
L2 -Jc B
b
1300 B |

‘m, A/m)
m, T

'

cm, G

V,: Voltage across loading capacitance

B=9 mT at

.{effe?son Lab

1 MV/m

Page 38

2b
2a
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: A
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!
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!

|

!

|

i L

i

!

!

!

!

!

!

!

!

|
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Coaxial Half-wave Resonator

Power dissipation (ignore losses in the shorting plate)
2b

&
<«

v

2a

+—>

2R AL+ p,
"4 n° b In®p,

R
Pocn—gEz,B/lz

P

v

W
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Coaxial Half-wave Resonator

Energy content 2b
2a
U —y2 "o 1 I

W
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Coaxial Half-wave Resonator

2b

Geometrical factor 2a

—>

|

I

|

I

|

I

|

In(1/ |
G-QR =277 2 L/ o) |
A 1+1/ p, i
|

i

|

I

|

I

|

I

]

Gon f

W
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Coaxial Half-wave Resonator

2b
—

|
. I
Shunt impedance (av?/P) i
I
|

i L
_n°16b In"p |
TR, 7w A1+1/ p, i
I:Qsh Rs OC772 ﬁ :
|
I
|

! v
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Coaxial Half-wave Resonator

2b
2a
| A
R/Q |
|
|
R, 8 |
Qh =—nIn(1/ p,) i L
Rsh oC :
|
Q .
|
|
|
|
|

W
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Some Real Geometries (A/4)

i
wn
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Some Real Geometries (A/4)
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A4 Resonant Lines

|||I_I-

LIQUID HELIUM

S5

N

Z2Z72272277277777777)

P e

225

72

\\\\{////

s I

777222 eSS
7777777220272

N
»

pU——
f

248 mm

D
[MINION
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A2 Resonant Lines

wir
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A2 Resonant Lines — Single-Spoke

Beam port

wir
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A2 Resonant Lines — Double and Triple-Spoke

wir
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A2 Resonant Lines — Multi-Spoke

Page 50
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1300 MHz 9-cell

wir
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Pill Box Cavity

Hollow right cylindrical enclosure
TMy,0 mode

Operated in the TMy,, mode H, =0

FE, L, _10F, |, 240 S

Z

-+ —
o°r r or c® o4 ’ R

E,(r,z,t)=EJ, (2.405%) g0

H

0
1“
E ry
H(F2,t) = —i 22 ] (2.405—je-'%t o (T et
(r2) =20, 24050

W
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Modes in Pill Box Cavity

* TMggg
— Electric field is purely longitudinal

— Electric and magnetic fields have no angular
dependence

— Frequency depends only on radius, independent on
length

y TMOmn

— Monopoles modes that can couple to the beam and
exchange energy

* TMlmn

— Dipole modes that can deflect the beam
« TE modes

— No longitudinal E field

— Cannot couple to the beam

W
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TM Modes in a Pill Box Cavity

E. nzR ,[ rj . [ z)
= —J/| X,, = |sin| nz—|cosley
R L

Ey Xy L
E, InzR® r . Z) .
=— Ji | X = |SIN| Nz — [sinlg
E, X, rL R L
E, ry . Z
—z = Jl[x,m —)sm[nn—j cosly
. R L
H . | R ( r) ( zj |
= —lwe ——J,| X, = |cos| nz— |sinlgp
E, Xjy T R L
H, . R _, r Z
— =—lwe—J/| X, = |cos| nz — | cosle
EE() )(In1 R L
H
Z 0
EO
J)effe?son Lab Page 54

X, 1S the mth root of J, (x)
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TM,,o Mode in a Pill Box Cavity

E,=E, =0 E =E,J, (xm %j

H =H, =0 H¢=—ia)gEoiJl(xmL)
Xo1 R

O = xm% Xoy = 2.405

R=201 ;03834

27

W
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J)effe?son Lab

TM,,o Mode in a Pill Box Cavity

Energy content

U =¢gE, %Jf(Xm)LRZ

Power dissipation

R
P=E’—=7J7(x,)(R+L)R

—

Geometrical factor
Xo; L

2 (R+1L)

G=ng

Page 56

X,, = 2.40483
J.(X,,) = 0.51915
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.geffé?son Lab

TMO10 Mode in a Pill Box Cavity

Energy Gain
AW = Eoisinﬁ—L
T A

Gradient
AW 2 . 7L

E.=——==E,—SIn—
A2 T A

Shunt impedance

n’ 1 A’ in2 (ﬂ'Lj

Ry, = 0 SIn® | —
R, 7737 (X,;) R(R+L) A

W
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Real Cavities

Beam tubes reduce the electric field on axis
Gradient decreases
Peak fields increase

R/Q decreases

wir
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Real Cavities

TMO010

f= 1323 MHz

wir
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Single Cell Cavities

Electric field high at iris

Beam tube Cell Beam tube

OO
A ¥
O

Symmetry axis \_/

— > w Electric field

Electric Fleld

s ® & > ]
Iris > Iris
Ts '
Magnetic field X A . : A . . )
e == Y ; 8.0

Equator
\ Magnetic field high at equator

wir
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Coupling between cells

Symmetry plane for
the H field

The normalized
difference between these
frequencies is a measure
of the energy flow via the

coupling region

Symmetry plane for K W, — 0,

the E field cc
. . . a_ + o
W which is an additional 41 0
solution 9

W
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Multi-Cell Cavities

009 099 F000— F000— C

Cp__ G . G —_ 0, G __C, G __ K = C_ Cb — Ck /2

2

7zIm

_ —m=1+2k(1—cos—j
Mode frequencies: 2 n

@ —® 7\ k(x)°
nnd :k(l—cos—j :—[—j
@, n 2\n

. m L] 2j _1
Voltages in cells: V" =sIn| zm
2N

W
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Pass-Band Modes Frequencies

9-cell cavity

w, (L+4k)"?

W
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Jefferdon Lab page 63 OMINION
2 UNIVERSITY



Cell Excitations in Pass-Band Modes

9 Cell, Mode 1 9 Cell, Mode 4 9 Cell, Mode 7

9 Cell, Mode 2 9 Cell, Mode 5 9 Cell, Mode 8

9 Cell, Mode 3 9 Cell, Mode 6 9 Cell, Mode 9

W
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Historical Overview

T.(K)
HgBa,Ca}Cu,0, T[> { GPa]
150 - (1992)
HgBasCayCus;0;
N (a1} 2 ap .-
120 TL,Ba,Ca,Cy,0,
macrosicopic
theory of
90 H Y - sy idity &
{Lqmd o = = o = = o{ =>| €|~ SUPerconductivity
nurJDgEn ; @(2003)
60
discovery of BES| '!'g’\B‘Z\
supertonduttivity theory La,,Ba,Cupy iatnlel
| | Nb,Ge (1986) [
30 v v . &
liquid 491 Pb ND ] L 4 Righ-temperature
s o® Jos phson“ Rl i
helium 6>|(_ Hg| ¢ @ eHact superconductjvity
1900 1920 1940 1960 1980 2000
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Perfect Conductivity
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Kamerlingh Onnes and van der Waals
in Leiden with the helium 'liquefactor’
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Perfect Conductivity

Persistent current experiments on rings have measured

Os 10

Oy

Resistivity < 1022 Q.cm

Decay time > 10° years

Perfect conductivity is not superconductivity

Superconductivity is a phase transition

A perfect conductor has an infinite relaxation time L/R

W
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Perfect Diamagnetism (Meissner & Ochsenfeld 1933)

Perfect conductor Superconductor

e —_—
Case I. The specimen and then brought into a Case I. The specimen and then brought into a
is first cooled below its magnetic field. is first cooled below its magnetic field.
transition temperature transition temperature
Lt
N N AT T T
N N 4
Case I1. The specimen and subsequently cooled The magnetic field is the field is pushed out
is brought into a magnetic below its transition tem- applied while the speci- when the specimen is
field while it is in the nor- perature. men is in the normal state; cooled below its transition
mal state temperature.
F1a. 3. The behavior expected for a transition into a state of perfect conductivity. I16. 4. Case II of Fig. 3 according to Meissner. The superconductor, in contrast
The final state would depend on the serial order in which the specimen is brought to the perfect conductor, has zero magnetic induction independently of the way in
into the same external conditions. which the superconducting state has been reached.

B
E o B=0
ot

u»
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Penetration Depth in Thin Films

A 5|
Jl|.r;r| [ ]
Very thin films
y )
=4 a = a
A, |3, .
. . A
Very thick films I—Iﬁl
| l -— ‘}"‘—3
: P y ' >
—a a —-a a
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Critical Field (Type |)

Superconductivity is destroyed by the application of a magnetic field

H.(T) = HC(O){l—

.{effe?son Lab

(7.)

Type | or “soft” superconductors

Page 71
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Critical Field (Type Il or “hard” superconductors)

HA

surface
superconductivity

Schubnikov
phase

complete
Meissner effect

B =0 o
T, T
Figure 3-1
Phase diagram for a long cylinder of a Type II super-
conductor.

Expulsion of the magnetic field is complete up to H.,, and partial up to H.,

Between H,, and H_, the field penetrates in the form if quantized vortices

or fluxoids
_7h

e

P,

W
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Thermodynamic Properties

2=
AC
< Gs
1= e 1=
Entropy = | S/ o Specific Heat
] | 1 | 1 I | I l
0 7 1 0 T 1
% 5
(a) )
0.5

U

Energy e

Free Energy

() ()

FIGURE 2-3

Comparison of thermodynamic quantities in superconducting and normal states.
U.,(0) is chosen as the zero of ordinates in (c) and (d). Because the transition is of
second order, the quantities S, U, and F are continuous at T,. Moreover, the slope of
F joins continuously to that of F,, at T,, since 8F/0T = ~S§.

W
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Thermodynamic Properties

When T <T_ phase transition at H = H_(T) is of 1* order = latent heat

At T =T_transition is of 2™ order = no latent heat
jump in specific heat

Ces (Tc) - 3Cen (Tc)

C,..(T)=yT electronic specific heat
C..(T)~aT® reasonable fit to experimental data

W
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Thermodynamic Properties

AtT : S(T,)=S,(T) The entropy is continuous

Recall: S(0)=0 and =-%
or T

T 3 T, 3

:>I ol dtzj ﬂdt—>05=3—7; Ces=37/T—2

o T o T T, T
T? T
S.(T)=y— S(T)=v —
s(T) 7 T3 2 (T) %

c C

For T <T, S.(T)<S, (T)
=> superconducting state is more ordered than normal state

A better fit for the electron specific heat in superconducting state is
bT,

C.=ayT.e T with a~9,b~15 for T<T,
wirr
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Energy Difference Between Normal and
Superconducting State

U, (T,)=U.(T,) Energy is continuous

3y 2
U,(M)-U,T) =["(Cy~Cp)dt= chr T2 (1T

at T=0  U,(0)-U,(0) %ﬂg gi -
T

2

at T =0, glc Is the free energy difference
T

éﬂ =AF =(U,-U,)-T(S,-S,) :Zny {1—@} }

H.T) = (22)T { _L_J }

The quadratic dependence of critical field on T is
related to the cubic dependence of specific heat

W
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Isotope Effect (Maxwell 1950)

The critical temperature and the critical field at OK are dependent
on the mass of the isotope

T ~H_(0)~M™ with ¢ =0.5

0.565

0560 ' L . !

205 206 207 208 209 210
IgM—

Figure 26: The critical temperature of various tin isotopes.
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Energy Gap (1950s)

At very low temperature the specific heat exhibits an exponential behavior
c,oce™™  withb=15
Electromagnetic absorption shows athreshold

Tunneling between 2 superconductors separated by a thin oxide film
shows the presence of a gap

0.8
0.6
0.4
0.2

—|—

Q

02 04 06 08 1 1.2

W
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Two Fundamental Lengths

* London penetration depth A

— Distance over which magnetic fields decay Iin
superconductors

* Pippard coherence length ¢
— Distance over which the superconducting state decays

N(T)
11?2 = n, h(x)

Superconducting Normal

e—t(r)—

FIGURE 1-4
Interface between superconducting and normal domains in the intermediate stz

W
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Two Types of Superconductors

« London superconductors (Type II)
— A>> ¢
— Impure metals
— Alloys
— Local electrodynamics

« Pippard superconductors (Type |)
— ¢ >> A\
— Pure metals
— Nonlocal electrodynamics

J)effe?son Lab Page 80
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Material Parameters for Some Superconductors

Superconductor %, (0) (nm) £, (nm) K 24(0)/KT. T(K)
Al 16 1500 0.011 3.40 1.18
In 25 400 0.062 3.50 3.3
Sn 28 300 0.093 3.55 3.7
Pb 28 110 0.255 4.10 7.2
Nb 32 39 0.82 3.5-3.85 8.95-9.2
Ta 35 93 0.38 3.55 446
Nb;Sn 50 6 8.3 44 18
NbN 50 6 8.3 4.3 <17
Yba,Cuso, 140 1.5 93 4.5 90

J)effe?son Lab

Page 81
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Phenomenological Models (1930s to 1950s)

Phenomenological model:
Purely descriptive
Everything behaves as though.....

A finite fraction of the electrons form some kind of condensate
that behaves as a macroscopic system (similar to superfluidity)

At OK, condensation is complete

At T. the condensate disappears

W
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Two Fluid Model — Gorter and Casimir

T <T, x=fractionof"normal”electrons
(1-x) : fractionof "condensed"electrons (zero entropy)

Assume: F(T)=x"?f (T)+(@1—x) f (T) free energy
1
f (T)=—=yT?
(T)==37

f, (T) = —,Bz—%yTCZ Independent of temperature

(7Y

Minimizationof F(T) gives x= L_J

=SFT)=x"f (T)+@1-x)f (T)= —,B{LL{TL] }
=C, =3y 1

¢ W
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Two Fluid Model — Gorter and Casimir

Superconducting state: F(M)=x"*f (M+A-x)f(T)=-p5 {1+[l] }
_ Vo (T\
Normal state: F(T)=f (T)=-=T"=-20| —
(M)="1{T)=-5 ﬂkT ]
2
Recall © = difference in free energy between normal and

87
superconducting state

{ m} _HmM (T

(7. ) .0 T

The Gorter-Casimir model is an “ad hoc” model (there is no physical basis
for the assumed expression for the free energy) but provides a fairly
accurate representation of experimental results

W
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Model of F & H London (1935)

Proposed a 2-fluid model with a normal fluid and superfluid components

n, : density of the superfluid component of velocity v,
n, : density of the normal component of velocity v,

mE =—eE superelectrons are accelerated by E
J, =-en o
8J. ne’ _
>=——F superelectrons
ot m
J =0 E normal electrons

W
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Model of F & H London (1935)

.geffe?son Lab

_N€ g
ot m
Maxwell: VxE=-L
ot
:g( mzﬁxjs+l§\20 = il
atknse J n.e
F&H London postulated: nrzz VxJ +B=0

Page 86

2

V x J, + B = Constant
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Model of F & H London (1935)

combine with VxB= g J

2
v2g-tC 5_
m

B(x)= B, exp|[-x/ 4]

1
m 2
Hol€

The magnetic field, and the current, decay
exponentially over a distance A (a few 10s of nm)

wir
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Model of F & H London (1935)

? l
E |
m 2
A= 2 i l
HoN€ {
5 I
From Gorter and Casimir two-fluid model F: i I
4 <
(T) 2 !
n ocl1— L—J |
TC
1 _g_”_____.‘-’-— l
|
2 (T) = 4 (0) 1 l
L L 1 %5 30 35 40 T 25
(1T
1 _ k_ Fia. 21. Penetration depth as a function of temperature. (After Shoenberg, Nature,
Tc J 43, 433, 1939.)

W
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Model of F & H London (1935)

London Equation: A°V xJ, = B
Hy
V x A=H
choose VeA=0, A =0 on sample surface (London gauge)
j. = _% A

Note: Local relationship between J, and A

W
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Penetration Depth in Thin Films

A 5|
Jl|.r;r| [ ]
Very thin films
y )
=4 a = a
A, |3, .
. . A
Very thick films I—Iﬁl
| l -— ‘}"‘—3
: P y ' >
—a a —-a a
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Quantum Mechanical Basis for London Equation

3(f)=ZI{ ch [w Vo —y Vi ]——A(r)w t//}c?(r—r)dr—dr

In zero field A=0 J(r)=0, =y,
Assume  Is "rigid", ie the field has no effect on wave function

p(r)e’

me

J(r)=- A(r)

p(r)=n

W
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Pippard’s Extension of London’s Model

Observations:

-Penetration depth increased with reduced mean free path
- H.and T, did not change

-Need for a positive surface energy over 104 cm to explain
existence of normal and superconducting phase in
Intermediate state

Non-local modification of London equation

Local: \T:—i,&
cA

_R

_ R| ReA(r") le ¢

Non local: J(r)=-— S0 j-[ (4)} dov
Aré,AC R

1 1 1
—_— = —
c o f

W
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London and Pippard Kernels

Specular:

.geffé?son Lab

J(r) and A(r)

J (k)

/
WEA(k)

Apply Fourier transform to relationship between

J(k) = —ﬁ K (k) AK)

London Theory
/

EXSy"

-2 Pippord theory
5 =50

~ I/k

o

%3

l)§ K

Fig. 1. Comparison of supercurrent response to vector potential in London and Pippard
theorics (schematic).

Effective penetration depth

ﬂ’eff

T

2 I dk > Diffuse: At
wdo K(K)+k

jwln{l+ K(Zk)}dk
: k
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London Electrodynamics

Linear London equations

— —

o, ___E VA - H -0
ot A’y A

together with Maxwell equations

Vxﬁzjs VXE:—%%—T

describe the electrodynamics of superconductors at all T if:
— The superfluid density n. is spatially uniform
— The current density J is small

W
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Ginzburg-Landau Theory

« Many important phenomena in superconductivity occur
because ng is not uniform
— Interfaces between normal and superconductors
— Trapped flux
— Intermediate state

* London model does not provide an explanation for the
surface energy (which can be positive or negative)

« GL is a generalization of the London model but it still
retain the local approximation of the electrodynamics

W
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J)effe?son Lab

Ginzburg-Landau Theory

Ginzburg-Landau theory is a particular case of
Landau’s theory of second order phase transition

Formulated in 1950, before BCS
Masterpiece of physical intuition
Grounded in thermodynamics

Even after BCS it still is very fruitful in analyzing the
behavior of superconductors and is still one of the
most widely used theory of superconductivity

Page 96
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Ginzburg-Landau Theory

* Theory of second order phase transition is based on
an order parameter which is zero above the transition
temperature and non-zero below

« For superconductors, GL use a complex order
parameter W(r) such that |¥(r)|? represents the
density of superelectrons

« The Ginzburg-Landau theory is valid close to T,

W
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Ginzburg-Landau Equation for Free Energy

« Assume that W(r) is small and varies slowly In
space

« Expand the free energy in powers of ¥(r) and its
derivative

1 | &

)
i

V—e—*AJw hz

b
f=1 —
n0+05|t//| + = |1//| + 87z

J)effe?son Lab
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Field-Free Uniform Case

B 2 Py
f—fno f o an T 0£|W| + 2 |W| f_fn()
a >0 a <0
[ =-2
) p
. bl /|
| \/
Near T, we must have >0 a(t)=a'(t-1)
. HC2 o’ 2
At the minimum f-f,=-—%=-——=ly[ andH_ o« (1-1)
81 20

W
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Field-Free Uniform Case

p

|(//OO|2 (94

>0 al)=a'(t-1) =y «@-t)

It is consistent with correlating |W(r)|? with the density of superelectrons

n oc A oc(l-t) near T,

? H? L
At the minimum f—f,= LA (definition of H_)
23 87
= H, oc(1-1)
which is consistent with H =H_,(1-t%)

W
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Field-Free Uniform Case

Identify the order parameter with the density of superelectrons

nofef oL o AQ _[YOI _ 1a@)
AT AT |y n B

since L2 (M) _H (M)
2 p 87
@y HMAM L HID) A

4z 22(0) 4z 4'(0)

W
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Field-Free Nonuniform Case

Equation of motion in the absence of electromagnetic
field

1
o Vi +a(Ty + Bl w =0

Look at solutions close to the constant one

w=y_+06 where |ww|2:—@
p
To first ord L _vis_s-0
O Tirst oraer: —0 =
4m” e (T)

Which leadsto  § ~ e V2™

W
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Field-Free Nonuniform Case

r 1 2zn A
§~e VM where E(T)= =\/ : 7;2 (0)
Jomla(m) VmHIT) A.(T)
Is the Ginzburg-Landau coherence length. :
It is different from, but related to, the Pippard coherence length. &(T) = 02 —
1-t°)
A, (T)
GL parameter: k(T)=-=
&(T)

Both A4 (T) and &£(T) diverge as T — T, but their ratio remains finite

x (T) Is almost constant over the whole temperature range

W
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2 Fundamental Lengths

London penetration depth: length over which magnetic field decay
(m B YT
AL(T) :L 2 yJ -
2e°«x T.-T

Coherence length: scale of spatial variation of the order parameter
(superconducting electron density)

(w2 YT
“O=lama) 77

The critical field is directly related to those 2 parameters

4,
H.(T) =
A1) 22 £(T) 2, (T)

W
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Surface Energy

O =

H2A

.!effé?son Lab

; NT)
Y1* = ng h(x)

Superconducting Normal

e— () ——+

1
—| HX-H®2
—[HIE-H]
Energy that can be gained by letting the fields penetrate

Energy lost by "damaging" superconductor

W
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Surface Energy o=_[Hz-H]

Interface is stable if >0
If &>>4 >0

Superconducting up to H, where superconductivity is destroyed globally

If 2 >>¢ o<0 for H? >Hfé

Advantageous to create small areas of normal state with large area to volume ratio
— quantized fluxoids

More exact calculation (from Ginzburg-Landau):

K‘_i < L :Type |
& 2 |
K‘=i 1 - Type |l
& 2
wirr
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Magnetization Curves

K —

V2
—4nM

K~ 0.8 Pa

S Type I

f / 7
H Hc ch

cl
FIGURE 5-2 0 ey H, Hey
Comparison of magnetization curves for three superconductors with the same value ;
of thermodynamic critical field H_, but different values of x. For x < 1/\/5, the FIGUR? 1-5 ) . .
superconductor is of type 1and exhibits a first-order transition at H,. For x > 1/,/2, Comparison of flux penetration behavior of type Iand type II Supcrcondu((:tors with
the superconductor is type Il and shows second-order transitions at H,, and H, (for the same thermodynamic critical field H... H., = /2xH_. The ratio of B/H,, frgm
clarity, marked only for the highest x case). In all cases, the area under the curve js  this plot also gives the approximate variation of R/R,, where R is the clectrical

|

|

|

l

, l
A Type 11 I
I

I

|

l

1

the condensation energy H2 /8. resistance for the case of negligible pinning, and R, is the normal-state resistance.
Wi
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Intermediate State

Vortex lines in
Pb ggln o,

At the center of each vortex is a
normal region of flux h/2e

wir
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Critical Fields

Even though it is more energetically favorable for a type | superconductor
to revert to the normal state at H_, the surface energy is still positive up to
a superheating field H,,>H_. — metastable superheating region in which
the material may remain superconducting for short times.

Type |

Type

J)effegon Lab

H

c

Hsh

c2

cl

N

I

I

Thermodynamic critical field

A, Superheating critical field

Je

Field at which surface energy is

Thermodynamic critical field
J2 « H.

H2

H

c2

i(In/c +.008)H, (for x >1)
2K

Page 109

HA

surface
superconductivity

Schubnikov
phase

complete
Meissner effect
B =0

Figure 3-1
Phase diagram for a long cylinder of a Type II super-
conductor.
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Superheating Field

m 1 1 T 17T T 17T °° 7T 7T T 7T 1T 7T 1T 17T 7177

Ginsburg-Landau:
0.9H
H, ~ —=% forx<<1l
\/; 1.5
~ 1.2 H, forx~1 . |UEERERSEE N

~ 0.75 H_for k >>1 . L e

——_

The exact nature of the rf critical osfH Ja, ]
field of superconductors is still )
an Open queStion I<— TYPE | —><———TYPE Nl
0 — 0f4 — 0.18 =~ lf2 — l.LG — 2.0
GL Parameter « = —{)7‘-,-_]

Fig. 13: Phase diagram of superconductors*in the transition regime of type I and II.
The normalized critical fields are shown as a function of x.
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Material Parameters for Some Superconductors

Superconductor 2, (0) (nm) £, (nm) K 24(0)/kT, I.(K)
Al 16 1500 0.011 3.40 1.18
In 25 400 0.062 3.50 33
Sn 28 300 0.093 3.55 3.7
Pb 28 110 0.255 4.10 7.2
Nb 32 39 0.82 3.5-3.85 8.95-9.2
Ta 35 93 0.38 3.55 4.46
Nbs;Sn 50 6 8.3 4.4 18
NbN 50 6 8.3 4.3 <17
Y ba,Cu;0, 140 1.5 93 4.5 90
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BCS

 What needed to be explained and what were the
clues?

— Energy gap (exponential dependence of specific heat)

— Isotope effect (the lattice is involved)

0.585

0.580

— Meissner effect | osrs
;, 0.570

0.565

0.560
205 206 207 208 2.09 210

IgM—

Figure 26: The critical temperature of various tin isotopes.
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Cooper Pairs

Assumption: Phonon-mediated attraction between
electron of equal and opposite momenta located
within 72w of Fermi surface

Moving electron distorts lattice and leaves behinda | °~ a PRt

trail of positive charge that attracts another electron | | | |
o Lo M T B DR S
moving in opposite direction o—0—=@
Fermi ground state Is unstable P |
/Ferml sphere
Electron pairs can form bound / 5 (go;pe_r;j;r)
1. N

states of lower energy T jw, t
L P2 Spin

Bose condensation of overlapping
C 00 p er p a| rs |nt oac Oh er ent Figure 20: A pair of electrons of opposite momenta added to the full Fermi sphere.
Superconducting state

W
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Cooper Pairs

One electron moving through the lattice attracts the positive ions.

Because of their inertia the maximum displacement will take place

iy
d~vp i ~ 100 — 1000nm behind.

W
—lattice -
planes
________ ========—e¢—» P,
i
i
[
amplitude !
of lattice } :
deformation | 1
- P -
direction
d of electron
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@ metal ion

O A
Cooper pair

single
electron

Figure 22: Cooper pairs and single electrons in the crystal lattice of a superconductor. (After
Essmann and Tréuble [12]).

Fermi sphere, p2/2m=Eg
2 Egt huwp

Px

possible Cooper pairs:
(p.-p), (P\-P")
(P%=P"), e mmes

Figure 23: Various Cooper pairs (, —p), (7', —5"), (", —=P"),...in momentum space.

The size of the Cooper pairs is much larger than their spacing

They form a coherent state
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BCS and BEC

BCS

weak coupling

large pair size
k-space pairing

strongly overlapping
Cooper pairs

Jefferdon Lab

BEC

strong coupling

small pair size
r-space pairing

1deal gas of
preformed pairs
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BCS Theory

\O)q ,\1)q :states where pairs (4,-G) are unoccupied, occupied
a,. b, : probabilites that pair (q,-G) is unoccupied, occupied
-k —q k+q
BCS ground state *
k+q -k—gq
%) =T1(a, |0), +b, 1), |
g a AT 2 (@
g q
(—q) &
. x K
Assume interaction between pairs § and k < ~k
a) (b}
=-V i < < -
qu V If ‘éq‘ o ha)D and ‘é:k‘ o ha)D Electron-electron interaczglu:iea‘lphlonons. In process (a) the
. electron k emits a phonon of wave-vector —q. The phonon is
= O OtherW|Se absorbed later by the second electron. In process (b) the sec-
ond electrqn in state (—k) emits a phonon q, subsequently ab-
sorbed by the first electron.
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BCS

« Hamiltonian

F =) gn +DV,cicl CcC
k gk

c, destroys an electron of momentum k

c; creates an electron of momentum k

n,=c.c, number of electrons of momentum k

 Ground state wave function
|LP> :g(aq +qu;qu)|¢0>

wir
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BCS

« The BCS model is an extremely simplified model of reality
— The Coulomb interaction between single electrons is ignored
— Only the term representing the scattering of pairs is retained

— The interaction term I1s assumed to be constant over a thin
layer at the Fermi surface and O everywhere else

— The Fermi surface is assumed to be spherical

* Nevertheless, the BCS results (which include only a very few
adjustable parameters) are amazingly close to the real world

W
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BCS

|s there a state of lower energy than
the normal state?
a,=0, b,=1 for & <0
a,=L b, =0for £, >0

—v2atT=0

——— Fermi function at T

S

2
52 + AO FIGURE 2-1

Plot of BCS occupation fraction v7 vs. electron energy measured from the chemical
potential (Fermi energy). To make the cutoffs at +he, visible, the plot has been
made for a strong-coupling superconductor with N(0)V = 0.43. For comparison, the
Fermi function for the normal state at T, is also shown on the same scale, using the
BCS relation A(0) = L76kT,.

! !
| T 3 T
—hwe -A 0 A hwe =6 u

where

1
2he, e PO

o[>
Il
N

POV

W
: Owp
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BCS

Critical temperature

c

KT, = 1.14hw, exp|- 1
UN(E;)

A(0)= 1.76 kT,

element Sn In TI Ta Nb Hg Pb
A0)/kgT. [1.75 1.8 1.8 1.75 1.75 23 2.15

Coherence length (the size of the Cooper pairs)

ho,
KT

C

o =18

W
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BCS Condensation Energy

2
Condensation energy: E,—E, =-2£ (O)ZVAO
2
_NA ( A, j H;
g) 8r
A, K ~ 10K
& 1K ~ 10°K

W
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BCS Energy Gap

At finite temperature:

Implicit equation for the temperature dependence of the gap:

oo tanh | (&% + A%)Y? /2kT]

V,O(O) j (&% +A%)"

A(T) A

Ml

A(0) = 1.76kgT,

A ~3.2kpTy[1 — (T/Ty)] 1/2

[
' ot

1 T/T,
Figure 4-4
Variation of the order parameter A with temperature in the BCS

approximation.
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A(T)/A(0)

1.0
0.8
0.6
0.4
0.2

de

1 I I

==

= g™ = =i~ QGO Oy 0 S0,
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a
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BCS Excited States

Energy of excited states:

g = 2E+A

.;eftgon Lab

| S—

)| L
2=
N(E) Superconducting
N(0)
) Normal
| |
0 1 2 k]

B[t

FIGURE 2-4

Density of states in superconducting compared to normal state. All k states whose
energies fall in the gap in the normal metal are raised in energy above the gap in the
superconducting state.

W
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BCS Specific Heat

Jefferdon Lab

Specific heat

3.0 -
1.0 i
L85, 017 exp (-15 T./T)
yTe
0.3 .
Ces
yTc
O} _+
0.03 ® vanadium =
o tin
0.0l L
1.0 2.0 3.0 4.0 5.0

T/T

Fig. 22. Reduced electronic specific heat in superconducting vanadium and tin.

[From Biondi et al., (150).]
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Electrodynamics and Surface Impedance
— i BCSModel

. O¢
H.¢+H =1h—
O¢ ex ¢ at

e
H, =— ) A(r,t)p,
o =2 AP
H_ Is treated as a small perturbation
H, <<H,
There is, at present, no model for superconducting

surface resistance at high rf field
R

] o j R[R-A]l(®,R, T)e '
R4

dr similar to Pippard's model
C
J(k) = ——K(k)A(k)
A
K(0)=0: Meissner effect

W
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Penetration Depth

2 dk
A=— dk specular
7Z'j K(k)+k2 (sp )

Represented accurately by 4 ~

2000

1200

1000
i 800 %}‘ T
dy  gool—2 THEORY

l%*f: o..

400

200

L0 1.5 20 25 30 35 40 45 50

y:—l__

\/ -t l

Fig. 30. Temperature dependence of d2/dy for tin obtained by Schawlow and Devlin (207)
compared with the theoretical curve obtained from the BCS theory.
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Surface Resistance

J)effe?son Lab

Temperature dependence
t4
(1-12)2

—close to T, : dominated by change in A(t)

—for T < %: dominated by density of excited states ~ e'%T

R, ~ éa)2 exp (—Aj
T KT

Frequency dependence

w® is a good approximation

W
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Surface Resistance

Fig. 1.

.geffe,gon Lab

7
- . s’ g —
g 0.2 . // 4 ./, L]
&
@ 0.8 q\‘««:'//‘ / / / /..:’ =
g o.7- ,(\\);?//o o 0‘3- i
&) 6\6\ éb" & L ‘-;u Io
3 A 2 AR T
5 X\ & Q /e / o
% 0.5 AL, ~y, A £ 1§ -
o / y & & "/)\ g
Q . @ QO d As /
@ 0.4/— " o o,“’ 2 d -
. A R
o 03— " / =
: > | /7
v Q.24 ./u / ‘/ / =
- X A
/ 0//‘ /0
0.1 O/c/. /0 =
=% 'z::.:".‘-'-"-.""{z—-:-’ ¢
Ol yrsamin pie==pREteL =" =T l I [ T RO T |
0.4 0.5 0.6 0.7 0.8 09 1.0

Reduced Temperoture, t=T/T¢

Measured values of the surface resistance ratio r of superconducting aluminum as a
function of the reduced temperature ¢ at several representative wavelengths. The wavelengths
and corresponding photon energies are indicated on the curves

[After Biondi and Garfunkel (15).]
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Surface Resistance

1073 ; . .

Niobium —
Lead ----

104

10° |3

Rs (Ohms)
3
N

10-7 2

Figure 4.5: Theoretical surface resistance at 1.5 GHz of lead, niobium and
Nb3Sn as calculated from program [94]. The values given in Table 4.1 were

used for the material parameters.
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Surface Resistance

RIT-R,, ~ exp-[(AZKT, T, /T1]
1078
s
g
[
w
= :
= 1077 ' f
] !
o |
o 5
w 1
3 A/KT =164
w
i |
R |
1078 & ;
5 ] b !
| ! \\
| NG N
| { ‘ \ e
t ; \ 100G
10-‘:’1 | |

2 3 4 5 6 7 8
REDUCED TEMPERATURE T./T

Fig. 2. Temperature dependence of surface resistance of niobium at
3.7 GHz measured in the TE,,, mode at H, >~10G. The values
computed with the BCS theory used the following material para-
meters:

T.=9.25K; /'.L(T=0,I=oo)=320A;
A(O)/kT=185; Ep(T=0,1=00)=620A; I=1000A or 80A.
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T TIT T T T T R R ; 1r/|n.|_
104
=) -
w N
1)
<
= 1051
b 19k
] o
w £
o i /
w # 7/
3) - 4
P L i
L /
7]
1061 .
107 / 2
E/ ]
b ]
7/ ]
PRSI | L S VAN s ST i | L SRS SR |
1 10 100
FREQUENCY (GHz)

Fig. 5. The surface resistance of Nb at 42K as a function of
frequency [62,63]. Whereas the isotropic BCS surface resistance
(- -+ ) resulted in Rocw'® around 1 GHz, the measurements fit
better to @” (- - -). The solid curve, which fits the data over the
entire range, is a calculation based on the smearing of the BCS
density-of-states singularity by the energy gap anisotropy in the
presence of impurity scattering [61]. The authors thank G. Miiller
for providing this figure.
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Surface Impedance - Definitions

* The electromagnetic response of a metal,
whether normal or superconducting, is described
by a complex surface impedance, Z=R+iX

R : Surface resistance
X : Surface reactance

Both R and X are real

O
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Definitions

For a semi- infinite slab:

E,(0)
j:JX(z)dz

Z = Definition

E.0) . E,(0)

@ Hy
H, (0) oE (2)/ 5Z|z:o+

From Maxwell

W
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Definitions

The surface resistance is also related to the power flow
Into the conductor

Z=27,5(0,)/5(0))

/2
Z,= (‘g‘—g)l =377Q2 Impedance of vacuum
S=ExH Poynting vector

and to the power dissipated inside the conductor

P=iRH?*0)

W
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Normal Conductors (local limit)

Maxwell equations are not sufficient to model the
behavior of electromagnetic fields in materials.
Need an additional equation to describe material

properties

O,

—+—=—E = o(w)=—
ot 7 1 1-lwt

For Cu at 300 K, 7 =3x10"sec
so for wavelengths longer than infrared J =cE

W
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Normal Conductors (local limit)

In the local limit J(z2) =0 E(2)
The fields decay with a characteristic [, V2
length (skin depth) ) :U a)aJ
EX(Z) — EX (O) e—z/é‘ e—iz/é‘
H, (=L E ()
Ho @0 O
CE0)  (A+i) S N
‘= H,0) 2 @0 == =D 5 )
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Normal Conductors (anomalous limit)

« At low temperature, experiments show that the surface
resistance becomes independent of the conductivity

« As the temperature decreases, the conductﬂiyity o Increases
— The skin depth decreases :[ 2 ]

Ho @O

— The skin depth (the distance over which fields vary) can
become less then the mean free path of the electrons (the
distance they travel before being scattered)

— The electrons do not experience a constant electric field
over a mean free path

— The local relationship between field and current is not
valid J(2) # o E(2)

W
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Normal Conductors (anomalous limit)

Introduce a new relationship where the current is related to
the electric field over a volume of the size of the mean
free path (l)

;Ul
ITll
I
pull
~~
<
-
N
L1
|
D

3 (F t J.d ! e ®' with R=7'—F
47z|

Specular reflection: Boundaries act as perfect mirrors
Diffuse reflection: Electrons forget everything

W
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Normal Conductors (anomalous limit)

In the extreme anomalous limit

1.2 T
1.0 o ook
(312 ) #F32K
——>>1 [5]x: ]
_ 08 : -
T
a
E 06 -
E
0.4 .
13
(\/§ 2 2l :
1201=Zp0=| o | (1+iv3] oz £ .
TO
0 ! I ]
0 20000 40000 60000 80000

Vo (1/7Qm)

Fig. 2 Anomalous skin effect in a 500 MHz Cu cavity

P . fraction of electrons specularly scattered at surface
1- p: fraction of electrons diffusively scattered

W
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Normal Conductors (anomalous limit)

1/3
R( > ) =3.79x10°»*"? [lj

o)

ForCu: |1/0=68x10"%Q-m?

1/3
3.79x10°w?? [lj

R(4.2 K,500 MHz) o

R(273 K,500 MHz) Lo
20

~0.12

Does not compensate for the Carnot efficiency

W

.!effé?son Lab Page 140 D)ONTIDNION

UNIVERSITY



Surface Resistance of Superconductors

Superconductors are free of power dissipation in static fields.

In microwave fields, the time-dependent magnetic field in the
penetration depth will generate an electric field.
0B

VxE=-—
ot

The electric field will induce oscillations in the normal
electrons, which will lead to power dissipation
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Surface Impedance in the Two-Fluid Model

In a superconductor, a time-dependent current will be carried
by the Copper pairs (superfluid component) and by the
unpaired electrons (normal component)

J=J,+J,
J =0 Ee™ (Ohm's law for normal electrons)
2ne’ _ -
J, =i mca) E.e (myv, =—eE.e™")
J=0cEe™
. . 2n e* 1
o =0, +lo, with o, =——=

o 2
Mmoo A o

W
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Surface Impedance in the Two-Fluid Model

For normal conductors R = i
o)
For superconductors
1 1 o 1l o
Rs =R . - 2 : 2 = g
)LL(Gn +|0'S) A o +o. A O

The superconducting state surface resistance is proportional to the
normal state conductivity

W
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Surface Impedance in the Two-Fluid Model

R = %o
/IL Gs
n e’l { A(T)} 1
o, = oc| exp| ——= o, = >
m,v. KT U AL O

R, oc A’ @ | exp[—%}

This assumes that the mean free path is much larger than the
coherence length

W
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Surface Impedance in the Two-Fluid Model

For niobium we need to replace the London penetration depth with

A=A L+ &

As a result, the surface resistance shows a minimum when

Exl

W

.geffe?son Lab Page 145 D)ONTIDNION

UNIVERSITY



Surface Resistance of Niobium

Surface Resistance - Nb - 1500 MHz

10000

nohm
1000 S 42K L
e
~_ —
— ~ = CH—7.0K
SN [~ L]
T~ Ry —
N~ L—T"]
T~ ____)‘LK—
100 o
~ — Ena
I~
\\
S~ |_t—t=T11
\\ //—
10 4= T || 204
S
~~ 1oy ] il
e __/
1
10 100 1000 10000
Mean Free Path (Angstrom)
uw
. O
D
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Electrodynamics and Surface Impedance
in BCS Model

. O¢
H.¢o+H =1h—
0¢ ex ¢ 8t

e
Hex - m_CZA(rnt) Y

H, Is treated as a small perturbation H, <<H,

ex

There is, at present, no model for
superconducting surface resistance at high rf field

RIR-Al I (w,R,T e‘IE
o [RIRAORTIE

similar to Pippard's model

3 (k) =——K (k) A(k)

A
K (O) +#0: Meissner effect

W
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Surface Resistance of Superconductors

Temperature dependence

—Closeto T, :
t4
dominated by change in A(t) ——— 163 1 I ‘
1-17)* =
10 Nb,Sn ---- -
T _
—for T <= 0%
2 ;
: : : v 5, o
dominated by density of excited states ~e 7k &
107
A A
R, ~—w’exp [——) 0|
T KT
10°75 20 3.0 20 ~3.0
T T

Frequency dependence

Figure 4.5: Theoretical surface resistance at 1.5 GHz of lead, niobium and

5 Nbs3Sn as calculated from program [94]. The values given in Table 4.1 were

@ IS a good apprOXIm atlon used for the material parameters.
A reasonable formula for the BCS surface resistance of niobium is
£?(GHz) ( T)
R..=9x10°—— exp| —-1.83-%
BCS T p T
wirr
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Surface Resistance of Superconductors

* The surface resistance of superconductors depends on
the frequency, the temperature, and a few material
parameters

— Transition temperature
— Energy gap

— Coherence length

— Penetration depth

— Mean free path

» A good approximation for T<T./2 and w<<A/h is

R, ~ Ap? exp [—Aj +R
T KT

res

W
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Surface Resistance of Superconductors

.geffé?son Lab

R, ~ Ay exp (—Aj +R,

T KT
. _1/2
In the dirty limit | <« &, Roes o€ |
In the clean limit | > & Rges o<

res-

Residual surface resistance

No clear temperature dependence

No clear frequency dependence

Depends on trapped flux, impurities, grain boundaries, ...

W
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Surface Resistance of Superconductors

RIT-R,, ~ exp-[(AZKT, T, /T1]
10-6
L
g
v
w
= :
= 1077 ' f
N !
& |
o 5
w !
2 A/KT =164
w
x I
3 |
1078 & [
5 ! b !
| ! \\
| NG N
| { ! \ e
| ; 100 G
10'9 | !

2 3 4 5 6 7 8
REDUCED TEMPERATURE T./T

Fig. 2. Temperature dependence of surface resistance of niobium at
3.7 GHz measured in the TE,,, mode at H, >~10G. The values
computed with the BCS theory used the following material para-
meters:

T.=9.25K; /'.L(T=0,I=w)=320A;
A(O)/kT=185; Ep(T=0,1=00)=620A; I=1000A or 80A.
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Fig. 5. The surface resistance of Nb at 42K as a function of
frequency [62,63]. Whereas the isotropic BCS surface resistance
(- -+ ) resulted in Rocw'® around 1 GHz, the measurements fit
better to @” (- - -). The solid curve, which fits the data over the
entire range, is a calculation based on the smearing of the BCS
density-of-states singularity by the energy gap anisotropy in the
presence of impurity scattering [61]. The authors thank G. Miiller
for providing this figure.

W

O
OMINION

UNIVERSITY



Surface Resistance of Niobium

Surface Resistance of Nio bium
at F =700 MHz

10000000
1000000 } ﬁ
100000 | /
~ 10000
G ; /
~ 1000 ¢
Transition Temperature
EE 100 ; // Tc=925K L
A
0.0 5.0 10.0 15.0
Residual Resistance
Tem perature (K)
wir
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Surface Resistance of Niobium

1.0E-5 e maa F
1500 MHz

T 1.0E-6 ===
=  —
QI I i i
o == Diffuse ref. 4.25K
o
E —  Specular ref. 4.25K
0
2 1.0E-7 = Diffuse ref. 2.0K
§ —  Specular ref. 2.0K
b= -
: g
w
8 g
o 1.0E-8

1.0E-9

1 10 100 1000 10000 100000

Mean free path [A]

wir
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Super and Normal Conductors

« Normal Conductors
— Skin depth proportional to w12
— Surface resistance proportional to w12 —2/3
— Surface resistance independent of temperature (at low T)
— For Cu at 300K and 1 GHz, R.=8.3 mQ

e Superconductors
— Penetration depth independent of w
— Surface resistance proportional to w?
— Surface resistance strongly dependent of temperature
— ForNb at 2 Kand 1 GHz, R,=7 nQ

However: do not forget Carnot

W
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The Real World

.{effe?son Lab

11
10

10

10

10 9

10

Ideal
Residual|losses
\ 4
[ J

o o o .

[ ] [ ) °

[ J

o ® Field emission

Multipacting ¢ °

[ ]
Thermal breakdown e °
H
[ ]

RF Processiﬁg

Quench

25

Accelerating Field
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Losses In SRF Cavities

o Different loss mechanism are associated with
different regions of the cavity surface

Electric field high7atiris

EJ/E cc ~2

p/=acc

Beam tube Cell

OO
A
©

Symmetry axis \_/

— > w Electric field

g & & N
Iris > Iris
To @
Magnetic field &

1«_______&

" Magnetic field high

at equator By/Eace ~ 4.2 mT/(MV/m)

W
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Characteristics of Residual Surface Resistance

* No strong temperature dependence

* No clear frequency dependence

* Not uniformly distributed (can be localized)

* Not reproducible

« Canbe aslowas1nQ

* Usually between 5 and 30 nQ

« Often reduced by UHV heat treatment above 800C
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Origin of Residual Surface Resistance

J)effe?son Lab

Dielectric surface contaminants (gases, chemical
residues, dust, adsorbates)

Normal conducting defects, inclusions

Surface imperfections (cracks, scratches,
delaminations)

Trapped magnetic flux

Hydride precipitation

Localized electron states in the oxide (photon
absorption)

R... IS typically 5-10 nQ at 1-1.5 GHz

res
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Trapped Magnetic Field

A parallel magnetic filed is expelled from a
superconductor.

What about a perpendicular magnetic field?

fluxoid field-free _-super
region vortex
current

The magnetic field will be concentrated in normal cores where it is
equal to the critical field.

W
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Trapped Magnetic Field

Normal Core  Magnetic Field Lines * \Vortices are normal to the surface
' * 100% flux trapping

* RF dissipation is due to the normal
conducting core, of resistance R,

R

res

112

R H H. = residual DC
H., magnetic field
Superconductor

Supercurrents

« For Nb: R _ an/mG around 1 GHz

Depends on material treatment
* While a cavity goes through the superconducting transition, the ambient
magnetic filed cannot be more than a few mG.
* The earth’s magnetic shield must be effectively shielded.
* Thermoelectric currents can cause trapped magnetic field, especially in
cavities made of composite materials.

W
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Trapped Magnetic Field

Afraction H/H_ of the material will be in the normal state.
This will lead to an effective surface resistance  p, ( H/ HC)

ForNb:  p, =0.51t01nQ/mG around 1 GHz

While a cavity goes through the superconducting transition, the ambient
magnetic filed cannot be more than a few mG.

The earth’s magnetic shield must be effectively shielded.

In cavities made of composite materials, thermoelectric currents can cause
trapped magnetic field.

W
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R..s Due to Hydrides (Q-Disease)

« Cauvities that remain at 70-150 K for several hours (or slow cool-down, < 1
K/min) experience a sharp increase of residual resistance

* More severe in cavities which have been heavily chemically etched

after thermal cycles

1E11 1:— T o L i - T T - T o . a T -=
3 o
x ¢ |
o d B
- ¥ N L. = - m
1E10 = - -
5 Obun %y fast
- D
= ).%‘s. e m - o o o
i @ o 1h
1€9 K x x X X E
: \Q’% SR 2h ;
: So L TS oo =
I 3-70 h l
1E8 3 1 e I 1 1 L 1 1 1 1 1 1 1 L A L 7
0 3 6 9 12 15
Eacc (MeVY/m)
wir
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Multipacting

A
10" A
—~ 10° ! Y T
% 108 Soft barriers
o Hard barrier
>
8 MV/m
Peak electric field
U,
- No increase of P, for increased P; during MP |

« Can induce quenches and trigger field emission

W
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Multipacting

Multipacting is characterized by an exponential growth in the number of
electrons in a cavity

Common problems of RF structures (Power couplers, NC cavities...)

Multipacting requires 2 conditions:
« Electron motion is periodic (resonance condition)

* Impact energy is such that secondary emission coefficient is >1

W
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One-Point Multipacting

One-point MP 1st Order 2nd Order 3rd Order

- * Axis
Cyclotron frequency: We X 'uOHe w LL,;?_IJ M—‘
m
L"\ JANN AN L\ JANYANY A
‘ N <V ‘ VOV

Resonance condition:

Cavity frequency (@,) = n x cyclotron Wg = NWe n: MP
frequency order
-> Possible MP barriers given by H,, nge + SEY, §(K), >1=MP
0
e’E’
The impact energy scales as K oc il
ma;
Empirical formula: 0.3
pirical formula: H_ [Oe] =—=f, [I\/IHZ]
n
wir
J)effe?son Lab

page 165 TOMINION

UNIVERSITY



Two-Point Multipacting

MultiPac 2.1 Electron Trajectory, N =20,

24-Apr-2002

Eace [Hbiml ui] File
z-axis [m Tenperatura profils  LT.57 lz.3E+10  [2E.LD, 33-2LUhroSTap celta T LKl
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Secondary Emission in Niobium

3

Secondary Emission Coefficient
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w»
Page 167 D)ONTIDNION

UNIVERSITY



Field Emission

» Characterized by an exponential drop of the Q,

» Associated with production of x-rays and emission of dark current

1.E+11 SNS HB54 Qo versus-Eacc

1.E+10 m = =

1.E+09

E (MV/m)
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DC Field Emission from ldeal Surface

Fowler-Nordheim model

x=0 x =0
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I's
i s, WIhE
Without E Wo P
Work :
Function Fundion
\l.
‘-\\\/(x) = -gEx
\I
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Wavefunction of tunrielling electron
.
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J: Current density (A/m?)
E . Electric field (V/m)
®: Work function (eV)
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Field Emission in RF Cavities

Egic = 17MV/m

e
HHTTTT TN
0 300

F GR0Ha 5F P 151 Rt v

View fAngle = 90

Impacting electrons produce:

Foreign particulate

Acceleration of * line heating detected by tound at emission
electrons drains cavity thermometry site
energy * bremsstrahlung X rays

_ 154x10°(BE)™ exp( © 6.83x10°0Y*)

FE in cavities occurs at fields that = @ BE
are up to 1000_“”‘95 lower than . Enhancement factor (10s to 100s)
predicted... k: Effective emitting surface
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Example of Field Emitters

Stainless steel

2() .U m D —

iy Melted

{C,

$:18424 P:6@006

u»
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Type of Emitters

*Tip-on-tip model
explains why only 10%
of particles are emitters
for Epk <200 MV/m.

Smooth nickel particles emit
less or emit at higher fields.

wir
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Cures for Field Emission

* Prevention:
— Semiconductor grade acids and solvents
— High-Pressure Rinsing with ultra-pure water
— Clean-room assembly

— Simplified procedures and components for
assembly

— Clean vacuum systems (evacuation and venting
without re-contamination)

* Post-processing:
— Helium processing
— High Peak Power (HPP) processing

W
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Helium Processing

- Helium gas is introduced in the cavity at a pressure just
below breakdown (~10- torr)

« Cavity Is operating at the highest field possible (in heavy
field emission regime)

* Duty cycle is adjusted to remain thermally stable
* Field emitted electrons ionized helium gas
* Helium ions stream back to emitting site

— Cleans surface contamination

— Sputters sharp protrusions

W
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Thermal Breakdown (Quench)

Localized heating

Hot area increases with field

At a certain field there is a thermal runaway, the field collapses
« sometimes displays a oscillator behavior ¢ 3

* sometimes settles at a lower value

« sometimes displays a hysteretic behavior z '

L]

.
[ T [ T
omK AT 120 mK 1 IHAT[mKE 4

W

J)effe?son Lab Page 175 D)%DNION

UNIVERSITY



Thermal Breakdown

(a)

Defect

T A

Temperature

-------- Tc

Defect

Temperature

Thermal breakdown occurs when the heat generated at the hot spot is
larger than that can be transferred to the helium bath causing T > T_:
“quench” of the superconducting state
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